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Abstrat
In this paper, we study the overing theory of laura algebras. We prove that if a onneted laura algebra
is standard (that is, has a standard onneting omponent), then it has Galois overings assoiated to the
overings of the onneting omponent. As a onsequene, the rst Hohshild ohomology group of a standard
laura algebra vanishes if and only if it has no proper Galois overings.
Introdution
Introdued in 1945, the Hohshild ohomology groups are subtle and interesting invariants of assoiative
algebras. The lower dimensional groups have simple interpretations: for instane, the 0th group is the entre
of the algebra, the 1st group an be thought of as the group of outer derivations of the algebra, while the
2nd and 3rd groups are related to the rigidity properties of the algebra. In [40, 3, Pb. 1℄, Skowro«ski has
related the vanishing of the rst Hohshild ohomology group HH
1(A) of an algebra A (with oeients in the
bimodule AAA) to the simple onnetedness of A. Reall that a basi and onneted nite dimensional algebra
over an algebraially losed eld k is simply onneted if it has no proper Galois overing or, equivalently, if
the fundamental group (in the sense of [33℄) of any presentation is trivial. In partiular, Skowro«ski posed the
following problem: for whih algebras A do we have HH1(A) = 0 if and only if A is simply onneted? This
problem has been the subjet of several investigations: notably this equivalene holds true for algebras derived
equivalent to hereditary algebras [31℄, weakly shod algebras [30℄ (see also [7℄), large lasses of selnjetive algebras
[34℄ and shurian luster-tilted algebras [10℄. It was proved in [15℄ that, for a representation-nite algebra, the
rst Hohshild ohomology group vanishes if and only if its Auslander-Reiten quiver is simply onneted. Note
that if A is a representation-nite triangular algebra, then its Auslander-Reiten quiver is simply onneted if
and only if A has no proper Galois overing, that is, A is simply onneted.
Here, we study this onjeture for laura algebras. These are dened as follows. Let modA be the ategory of
nitely generated right A-modules, and indA be a full subategory onsisting of exatly one representative from
eah isomorphism lass of indeomposable A-modules. The left part LA of modA is the full subategory of indA
onsisting of those modules whose predeessors have projetive dimension at most one, and the right part RA
is dened dually. These lasses were introdued in [24℄ in order to study the module ategories of quasi-tilted
algebras. Following [3, 42℄, we say that A is laura provided indA\ (LA ∪RA) has only nitely many objets.
Part of the importane of laura algebras omes from the fat that this lass ontains (and generalises) the lasses
of representation-nite algebras, tilted, quasi-tilted and weakly shod algebras. Laura algebras have appeared
naturally in the study of Auslander-Reiten omponents: an Auslander-Reiten omponent is alled quasi-direted
if it is generalised standard and almost all its modules are direted. It was shown in [3℄ that a laura algebra whih
is not quasi-tilted has a unique faithful onvex quasi-direted Auslander-Reiten omponent (whih is also the
unique non-semiregular omponent). Conversely, any onvex quasi-direted omponent ours in this way [43℄.
The tehniques used for the study of laura algebras were applied in [27℄ to obtain useful results on the innite
radial of the module ategory. Their representation dimension is at most three and this is a lass of algebras
with possibly innite global dimension whih satises the nitisti dimension onjeture [9℄. Also, laura algebras
have been haraterised in terms of the Gabriel-Rojter measure as announed by Lanzilotta in the ICRA XI in
Mexio, 2004 (see also [5℄). For further properties of laura algebras we refer the reader to [3, 4, 6, 8, 42℄. Here
we onentrate on the onjeture that a laura algebra A is simply onneted if and only if HH1(A) = 0.
Our approah, already used in [30, 31℄, uses overings. Covering theory was introdued by Gabriel and his
shool (see, for instane, [14, 21, 36℄) and onsists in replaing an algebra by a loally bounded ategory, alled
its overing, whih is sometimes easier to study. We reall that a tilted algebra is haraterised by the existene
of at least one, and at most two, onneting omponents (it has two if and only if it is onealed, in whih
ase the onneting omponents are postprojetive and preinjetive) see [11℄. If A is a laura not quasi-tilted
algebra, then its unique faithful quasi-direted omponent is also alled a onneting omponent (see [3℄). Hene,
by laura algebra with onneting omponent, we mean a onneted laura algebra whih is either tilted or not
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quasi-tilted. We all a laura algebra with onneting omponent standard provided its onneting omponents
are all standard (it is known from [39℄ that the onneting omponents of onealed algebras are standard). This
generalises the notion of standard representation-nite algebra (see [14℄). Several lasses of laura algebras are
standard, notably tilted algebras or weakly shod algebras. Our rst main theorem says that if
eΓ→ Γ is a Galois
overing of the onneting omponent suh that there exists a well-behaved overing funtor k(eΓ)→ indΓ then
it indues a overing of the algebra.
Theorem A. Let A be a laura algebra with onneting omponent Γ and π : eΓ → Γ be a Galois overing with
group G with respet to whih there exists a well-behaved overing funtor p : k(eΓ) → indΓ. Then there exists a
overing funtor F : eA→ A whose bres are in bijetion with G. If moreover A is standard, then F is a Galois
overing with group G.
Note that if Γ is standard then there always exists a well-behaved overing funtor p.
In order to prove Theorem A, we onsider a more general situation. We rst onsider an Auslander-Reiten
omponent, whih ontains a left setion (in the sense of [1℄) and show that to a Galois overing of this omponent
suh that there is a orresponding well-behaved funtor orresponds a overing of its support algebra with nie
properties, see Theorem 5.12 below. Applying this result to the onneting omponent of a laura algebra yields
the required overing.
Beause of the theorem, if A is standard, then we are able to work with Galois overings whih are notably
easier to handle than overing funtors. We prove that if A is standard laura, then any Galois overing of the
onneting omponent indues a Galois overing of A, with the same group. This allows us to prove our seond
main theorem, whih settles the onjeture for standard laura algebras.
Theorem B. Let A be a standard laura algebra, and Γ its onneting omponent(s). The following are equivalent:
(a) A has no proper Galois overing, that is, A is simply onneted.
(b) HH
1(A) = 0.
() Γ is simply onneted.
(d) The orbit graph O(Γ) is a tree.
Moreover, if these onditions are veried, then A is weakly shod.
If one drops the standard ondition, then the above theorem may fail. Indeed, there are examples of non-
standard representation-nite algebras whih have no proper Galois overing and with non-zero rst Hohshild
ohomology group (see [14, 15℄, or below). However, some impliations are still true in Theorem B without
assuming standardness. Indeed, we always have: () and (d) are equivalent and () implies (a) and (b).
Our paper is organised as follows. After a short preliminary setion, we prove a few preparatory lemmata on
overing funtors in Setion 2. In Setion 3, we give examples of standard laura algebras. Setion 4 is devoted to
properties of tilting modules whih are in the image of the push-down funtor assoiated to a overing funtor. In
Setion 5 we study the overings of Auslander-Reiten omponents having left setions. The proof of Theorem A
oupies Setion 6. We onentrate on Galois overings in Setion 7, and prove Theorem B in Setion 8.
1 Preliminaries
Categories and modules
Throughout this paper, k denotes a xed algebraially losed eld. All our ategories are loally bounded
k-ategories, in the sense of [14, 2.1℄. We assume that all loally bounded k-ategories are small and all funtors
are k-linear (the ategories of nite dimensional modules and their bounded derived ategories are skeletally
small).
Let F : E → B be a k-linear funtor and G be a group ating on E and B by automorphisms. Then F is
alled G-equivariant if F ◦ g = g ◦ F for every g ∈ G.
A basi nite dimensional algebra A an be onsidered equivalently as a loally bounded k-ategory as
follows: Fix a omplete set {e1, . . . , en} of primitive orthogonal idempotents, then the objet set of A is the set
{e1, . . . , en} and the morphisms spae from ei to ej is ejAei. The omposition of morphisms is indued by the
multipliation in A.
Let C be a loally bounded k-ategory. We denote by Co its objet lass. A right C-module M is a k-linear
funtor M : Cop → MOD k, where MOD k is the ategory of k-vetor spaes. We write MODC for the ategory
of C-modules and mod C for the full subategory of the nite dimensional C-modules, that is, those modules M
suh that
P
x∈Co
dim M(x) <∞. If A is a subategory of MODC, we use the notation X ∈ A to express that X
is an objet in A. For every x ∈ Co, the indeomposable projetive C-module assoiated to x is C(−, x). The
standard duality Homk(−, k) is denoted by D. Let M be a C-module. If B is a full subategory of C, then
M|B is the indued B-module. If X is a subategory of mod C, then the X -module HomC(−,M)|X is denoted by
2
HomC(X ,M). Also, HomC(M, C) denotes the C
op
-module HomC(M,
L
x∈Co
C(−, x)) (if A = C is a nite dimensional
algebra, this is just the left A-module HomA(M,A)).
We let indC be a full subategory of mod C onsisting of a omplete set of representatives of the isomorphism
lasses of indeomposable C-modules. We write proj C and inj C for the full subategories of indC of projetive
and injetive modules, respetively. Whenever we speak about an indeomposable C-module, we always mean
that it belongs to indC.
For a full subategory A of mod C, we denote by addA the full subategory of mod C with objets the diret
sums of summands of modules in A. If M is a module, then addM denotes add {M}.
The Auslander-Reiten translations in mod C are denoted by τC = DTr and τ
−1
C = TrD. The Auslander-
Reiten quiver of C is denoted by Γ(mod C). For a omponent Γ of Γ(modC), we denote by O(Γ) its orbit graph
(see [14, 4.2℄, or Setion 8 below). The omponent Γ is non-semiregular if it ontains both an injetive and a
projetive module. It is faithful if its annihilator AnnΓ =
T
X∈ Γ
AnnX is zero. Following [41℄, a omponent Γ is
generalised standard if rad
∞(X,Y ) = 0 for every X,Y ∈ Γ. Denoting by k(Γ) the mesh ategory of Γ (see [14,
2.5℄), Γ is standard if there exists an isomorphism of k-ategories k(Γ)
∼
−→ indΓ whih extends the identity on
verties, and whih maps meshes to almost split sequenes. Let π : eΓ→ Γ be a morphism of translation quivers.
Let X be a full onvex subquiver of eΓ. We let k(X ) be the full subategory of k(eΓ) with objets the verties in
X . Following [14, 3.1℄, a funtor p : k(X )→ indΓ is well-behaved (with respet to π) if it satises:
1. p(X) = π(X) for every X ∈ X .
2. Let X ∈ X . Let (ui : Zi → X)i=1,...,t be all the arrows in X ending at X (or (vj : X → Yj)j=1,...,s be
all the arrows in X starting from X), then the morphism
ˆ
p(u1) . . . p(ut)
˜
:
tL
i=1
p(Zi) → p(X) (orˆ
p(v1) . . . p(vs)
˜t
: p(X)→
sL
j=1
Yj , respetively) is irreduible.
Condition 2 above imply that if a mesh in eΓ is ontained in X , then p maps this mesh to an almost split sequene.
For notions and results on modules, we refer the reader to [11℄. For overings and fundamental groups of
translation quivers, we refer the reader to [14, 1℄. Note that the translation quivers we onsider are not valued
translation quivers and may have multiple arrows
Paths
Let C be a loally bounded k-ategory. Let X, Y be in indC. Following the onvention used in [24℄, a path
X  Y from X to Y in indC is a sequene of non-zero morphisms:
(⋆) X = X0
f1−→ X1 → · · · → Xt−1
ft−→ Xt = Y (t > 0)
where Xi ∈ indC for all i. We then say that X is a predeessor of Y and that Y is a suessor of X. A path
from X to X involving at least one non-isomorphism is a yle. A module X ∈ indC whih lies on no yle is
direted. If eah fi in (⋆) is irreduible, we say that (⋆) is a path of irreduible morphisms or a path in Γ(mod C).
A path (⋆) of irreduible morphisms is setional if τCXi+1 6= Xi−1 for all i with 0 < i < t.
An indeomposable module M ∈ LA is Ext-injetive in addLA if Ext
1
A(−,M)|LA = 0 (see [12℄). This is the
ase if and only if τ−1A M 6∈ LA.
The endomorphism algebra of the diret sum of the indeomposable projetive modules lying in LA is alled
the left support of A. If A is laura with onneting omponent, then its left support is a produt of tilted algebras
(see [6, 4.4, 5.1℄).
An algebra A is weakly shod if the length of any path in indA from an injetive to a projetive is bounded
[17℄. Also, A is quasi-tilted if its global dimension gl.dimA is at most two and indA = LA ∪RA, see [24℄.
2 Covering funtors
A k-linear funtor F : E → B is a overing funtor if (see [14, 3.1℄):
1. F−1(x) 6= ∅ for every x ∈ Bo.
2. For every x, y ∈ Eo, the two following k-linear maps are bijetive:M
F (y′)=F (y)
E(x, y′)→ B(F (x), F (y)), and
M
F (x′)=F (x)
E(x′, y)→ B(F (x), F (y)) .
Following [21, 3℄, F is a Galois overing with group G if there exists a group morphism G→ Aut(E) suh that
G ats freely on Eo, F ◦ g = F for every g ∈ G and the funtor E/G→ B indued by F is an isomorphism. We
refer the reader to [21, 3.1℄ for the denition of E/G. Galois overings are overing funtors.
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If F : E → B is a overing funtor, then F denes an adjoint pair (Fλ, F.) of funtors Fλ : MODE → MODB
and F. : MODB → MODE (see [14, 3.2℄). The funtor F. is the pull-up funtor and Fλ is the push-down. We
reall their onstrution: If M ∈ MODB, then F.M =M ◦F
op
; if M ∈ MODE , then FλM is the B-module suh
that FλM(x) =
L
F (ex)=x
M(ex), for every x ∈ Bo. Both Fλ and F. are exat.
Let F : E → B be a overing funtor between loally bounded k-ategories. We prove a few fats relative to
F . Some are easy to prove in ase F is a Galois overing. However, in general, the proofs are more ompliated.
This an be explained by the following fat: F op : Eop → Bop is also a overing funtor, and DF opλ ≃ FλD if F
is Galois. However, this isomorphism no longer exists in the general ase of overing funtors (see [14, 3.4℄, for
instane).
As a motivation for the results in this setion, we start with the following onstrution. We reall that the
universal overing of a translation quiver Γ was introdued in [14, 1.2℄ using a homotopy relation denoted as H .
We dene Hˆ to be the smallest equivalene relation ontaining H and satisfying the following additional relation:
Let α and β be two arrows in Γ having the same soure and the same target, then α and β are equivalent for Hˆ .
Using the onstrution of [14, 1.3℄ with respet to the relation Hˆ we onstrut a overing of Γ whih we all the
generi overing of Γ. It is an immediate onsequene of this denition and of [14, 1.3℄ that the generi overing
is a Galois overing and is a quotient of the universal overing. They oinide if Γ has no multiple arrows (for
example, if Γ is the Auslander-Reiten quiver of a representation-nite algebra).
The following proposition is mainly due to Riedtmann (see [36, 2.2℄).
Proposition 2.1. Let A be a basi nite dimensional algebra. Let Γ be a omponent of Γ(modA). Let π : eΓ→ Γ
be the generi overing. Then there exists a well-behaved funtor p : k(eΓ)→ indΓ. If, moreover, Γ is generalised
standard, then p is a overing funtor.
Proof: The funtor p was onstruted in [36, 2.2℄ for the stable part of the Auslander-Reiten quiver of a self-
injetive representation-nite algebra. The overing property was proved in [36, 2.3℄ under the same setting.
The onstrution of p was generalised to any Auslander-Reiten omponent in [14, 3.1℄. It is easily seen that
the arguments given in [36, 2.3℄ to prove that p is a overing funtor apply to the ase of generalised standard
omponents. 
Note that if Γ is a standard Auslander-Reiten omponent, then, by denition, there exists a well-behaved
funtor k(Γ) → indΓ. In partiular, any overing of translation quivers p : Γ′ → Γ gives rise to a well-behaved
overing funtor k(Γ′)→ indΓ by omposing the funtors k(p) : k(Γ′)→ k(Γ) and k(Γ)→ indΓ.
The results of this setion will be applied to overing funtors as in 2.1. We now turn to the general situation
where F : E → B is a overing funtor between loally bounded k-ategories.
Sine Fλ and F. are exat, we still have an adjuntion at the level of derived ategories. Here and in the
sequel, D(MODE) and Db(mod E) denote the derived ategory of E-modules and the bounded derived ategory
of nite dimensional E-modules, respetively. The following lemma is immediate. For a bakground on derived
ategories, we refer the reader to [22, Chap. III℄.
Lemma 2.2. Fλ and F. indue an adjoint pair (Fλ, F.) of exat funtors:
D(MOD E)
Fλ //
D(MODB)
F.
oo .
Moreover Fλ(D
b(mod E)) ⊆ Db(modB). 
Let x ∈ Eo. By ondition 2 in the denition of a overing funtor, F indues a anonial isomorphism
Fλ(E(−, x))
∼
−→ B(−, F (x)) of B-modules (see [14, 3.2℄). In the sequel, we always identify these two modules by
means of this isomorphism. Using this identiation we get the following result.
Lemma 2.3. Let M ∈ D(MODE). Then Fλ indues two linear maps for every x ∈ Bo:
ϕM :
M
F (ex)=x
D(MODE)(M,E(−, ex))→ D(MODB)(FλM,B(−, x)) ,
and ψM :
M
F (ex)=x
D(MODE)(E(−, ex),M)→ D(MODB)(B(−, x), FλM) .
These maps are funtorial in M , and are bijetive if M is quasi-isomorphi to a bounded omplex of nite
dimensional projetive modules (for example, if gl.dimE <∞ and M ∈ mod E).
Proof: IfM = P [l] where l 6= 0 and P is a projetive E-module, then ϕM is bijetive (beause Ext
−l
E (P, E(−, ex)) =
0). Also, if M is an indeomposable projetive E-module, then ϕM is bijetive (beause F is a overing funtor).
Finally, if M → M ′ → M ′′ → M [1] is a triangle in D(MODE), then ϕM , ϕM′ and ϕM′′ are bijetive as soon
as two of them are so. Consequently, ϕM is bijetive if M is quasi-isomorphi to a bounded omplex of nite
4
dimensional projetive E-modules. The seond map is handled similarly. 
In general, Fλ does not ommute with the Auslander-Reiten translations. However, we have the following.
Lemma 2.4. Let X ∈ indE be suh that FλX ∈ indB and pdX <∞. Then dim τEX = dim τBFλX.
Proof: Let X ∈ mod E be any module. Let P1 → P0 → X → 0 be a minimal projetive presentation in mod E .
By [14, 3.2℄, we dedue that FλP1 → FλP0 → FλX → 0 is a minimal projetive presentation in modB. So we
have exat sequenes in mod Eop and modBop, respetively:
0→ HomE(X, E)→ HomE(P0, E)→ HomE(P1, E)→ TrEX → 0 ,
and 0→ HomB(FλX,B)→ HomB(FλP0,B)→ HomB(FλP1,B)→ TrBFλX → 0 ,
Let X ∈ mod E be of nite projetive dimension, thus quasi-isomorphi to a bounded omplex of nite dimen-
sional projetive E-modules. The bijetions of 2.3 imply that dimHomE(X, E) =
P
x∈Eo
dimHomE(X, E(−, x)) =P
x∈Bo
dimHomB(FλX,B(−, x)) = dimHomB(FλX,B). Using the above exat sequenes, we dedue that dimTrEX =
dimTrBFλX. Thus dim τEX = dim τBFλX if both X and FλX are indeomposable. 
3 Standard laura algebras
We now derive suient onditions for a laura algebra to be standard. Weakly shod algebras are partiular
ases of laura algebras. It is proved in [17, 4℄ that if A is weakly shod and not quasi-tilted, then A an be
written as a one-point extension A = B[M ] suh that the onneting omponent of A an be reovered from M
and from the onneting omponents of B. This motivates the following denition.
Denition 3.1. Let A be a laura algebra with onneting omponents. An indeomposable projetive A-module
P lying in a onneting omponent Γ is a maximal projetive if it has an injetive predeessor and no proper
projetive suessor in indA. Furthermore, A is a maximal extension of B if there exists a maximal projetive
P = eA suh that B = (1− e)A(1− e) and A = B[M ], where M = radP .
By denition, a maximal projetive belongs to RA. In partiular, by [7, 2.2℄, it is direted. The notions of
minimal injetive or maximal oextension are dual. If A is a tilted algebra whih is the endomorphism algebra
of a regular tilting module, then it has neither maximal projetive, nor minimal injetive (see [39℄).
Proposition 3.2. Let A = B[M ] be a maximal extension. Then B is a produt of laura algebras with onneting
omponents. Moreover, if every onneted omponent of B is standard, then so is A.
Proof: By [4℄, every onneted omponent of B is a laura algebra. Let Pm ∈ indA be the maximal projetive
suh that radPm = M and denote by Γ the omponent of Γ(modA) in whih Pm lies. So Pm ∈ RA ∩ Γ. In
partiular, Pm is direted. Note that every proper predeessor of Pm is an indeomposable B-module.
Let us prove the rst assertion. If it is false, then a onneted omponent B′ of B is quasi-tilted and not tilted
(and, therefore, quasi-tilted of anonial type). Sine A is onneted, at least one indeomposable summandM ′
of M lies in indB′. Assume rst that M ′ is not direted. In partiular, M ′ ∈ Γ implies that M ′ 6∈ LA ∪ RA.
Therefore there is a non-setional path M ′  P in indA with P projetive. If P = Pm, then there exists a
non-setional path M ′  M ′′ with M ′′ an indeomposable summand of M = radPm. This is impossible beause
Pm is direted (see [25, Thm. 1 of 2℄). So P 6= Pm. By maximality of Pm, the path M
′
 P is a non-setional
path in indB′ ending at a projetive. So M ′ 6∈ RB′ . On the other hand, M
′ 6∈ LA means that there exists a
non-setional path I  M ′ in indA, where I is injetive. By maximality of Pm, this is a non-setional path in
indB′. For the same reason, we have HomA(Pm, I) = 0, so that I is injetive as a B
′
-module. SoM ′ 6∈ LB′∪RB′ .
This is impossible beause B′ is quasi-tilted. Therefore M ′ is direted. Sine B′ is quasi-tilted of anonial type,
the omponent Γ′ of Γ(modB′) ontaining M ′ is either the unique postprojetive or the unique preinjetive
omponent (see [32, Prop. 4.3℄). Assume that Γ′ is the unique postprojetive omponent of Γ(modB′). Then
Γ′ ⊆ LB′\RB′ (see [18, 5.2℄). In partiular, there exists a non-setional pathM
′
 P in indB′ with P projetive.
Sine Pm is maximal, this is also a non-setional path in indA. Sine P is projetive and sine M
′ ∈ Γ, we
dedue that P ∈ Γ and that the path is renable to a non-setional path in Γ(modA) and therefore in Γ(modB′)
beause Pm is maximal. Consequently, M
′
lies in the postprojetive omponent Γ′ of Γ(modB′) and is the
starting point of a non-setional path in Γ(modB′) ending at a projetive. This is absurd. If Γ′ is the unique
preinjetive omponent of Γ(modB′), then, using dual arguments, we also get a ontradition. Thus, B′ is either
tilted or not quasi-tilted.
Now, we assume that every onneted omponent of B is standard, and prove that A is standard. Later, in
5.7, we shall see that, if A is tilted, then its onneting omponents are standard. So assume that A is not tilted.
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Let Γ be the onneting omponent of Γ(modA) and Γ′ be the disjoint union of the onneting omponents of
the Auslander-Reiten quivers of the onneted omponents of B. We ompare Γ and Γ′. More preisely, let X
be the full subquiver of Γ with verties those modules whih are not suessors of Pm. So X is a full subquiver
of Γ(modB) stable under predeessors in Γ(modB), and it ontains Γ\RA. We laim that X is ontained in Γ
′
.
We prove a series of assertions.
(a) The left supports of A and B oinide. Indeed, we have LA ∩ indB ⊆ LB (see [4, 2.1℄). On the
other hand, if P ∈ indB is a projetive not lying in LA, then there is a non-setional path I  P in indA with
I injetive. Sine Pm is maximal, this is a non-setional path in indB. For the same reason, HomA(Pm, I) = 0,
so that I is injetive as a B-module. So P 6∈ LB . Thus A and B have the same left support.
(b) Let P 6= Pm be a projetive lying in Γ. Then P ∈ Γ
′
. Indeed, if there exists a path I  P in Γ
with I injetive, then the maximality of Pm implies that this path lies entirely in indB and starts in an injetive
B-module. So P ∈ Γ′. If there is no suh path, then P ∈ LA ∩ Γ. So P lies in a onneting omponent of one
of the omponents of the left support of A, whih is also the left support of B. From [3, 5.4℄, we dedue that P
lies in Γ′.
() Let X ∈ X . There exists m > 0 suh that τmA X ∈ Γ
′
. By assumption on X, we have τBX = τAX.
Assume rst that τmA X = P for some m > 0 and some projetive P . So P 6= Pm. From (b), we get that P ∈ Γ
′
.
Now assume that X is left stable and non-periodi. If X ∈ RA, there exists l > 0 suh that τ
l
AX is Ext-projetive
in RA. Sine X is left stable, we dedue that τ
l+1
A X ∈ Γ\RA. So assume that X ∈ Γ\RA. Sine A is laura,
there exists m suh that τmA X ∈ Γ ∩ LA. So τ
m
A X lies in one of the onneting omponents of the left support
of A. So τmA X ∈ Γ
′
beause the left supports of A and B are equal. Finally, assume that X is periodi. Then
there exists a projetive module P ∈ Γ, a periodi diret summand Y of radP , and a path Y  X in Γ\RA, and
therefore in Γ(modB). Sine Y is periodi, then P 6= Pm (otherwise Pm would be a proper suessor of itself).
Sine P ∈ Γ′, we have Y ∈ Γ′ and therefore X ∈ Γ′.
(d) X is ontained in Γ′. Indeed, we already know that X is a full subquiver of Γ(modB). Also, we proved
that for every X ∈ X , there exists m > 0 suh that τmA X = τ
m
B X ∈ Γ
′
. So X is ontained in Γ′.
We now show that Γ is standard. By hypothesis, there exists a well-behaved funtor ϕ : k(Γ′) → indΓ′.
Sine X is a full subquiver of Γ′ stable under predeessors in Γ(modB), there exists a well-behaved funtor
ψ : k(Y)→ indΓ where Y is a full subquiver of Γ suh that:
1. Y ontains X .
2. Y is stable under predeessors in Γ(modA).
3. ψ and ϕ oinide on X .
4. Y is maximal for these properties.
We show that Y = Γ. Assume that Y 6= Γ. Sine Y ontains X , it ontains Γ\RA, so there exists a soure X
in Γ\Y. If X is projetive, then X = Pm. So ψ is dened on every indeomposable summand Y of radPm. Set
ψ(X) = Pm. Let α1 : X1 → Pm, . . . , αt : Xt → Pm be the arrows ending at X. Then X1 ⊕ · · · ⊕Xt = radPm,
and let ψ(αi) be the inlusion Xi →֒ Pm. If X is not projetive, then the mesh ending at X has the following
shape:
X1 v1
((QQ
QQQ
Q
τAX
u1
55llllll
un ))RR
RRR
R
.
.
.
X
Xn
vn
66mmmmmm
.
(⋆)
Sine X is a soure of Γ\Y, then ψ is already dened on the full subquiver of the mesh onsisting of all verties
exept X. In partiular, the following map is right minimal almost split:ˆ
ψ(u1) . . . ψ(un)
˜t
: τAX → X1 ⊕ · · · ⊕Xn .
Let ψ(X) = X, and
ˆ
ψ(v1) . . . ψ(vn)
˜
: X1 ⊕ · · · ⊕Xn → X be the okernel of the above map, following [14,
3.1, Ex. b℄. Clearly, this onstrution ontradits the maximality of Y. So Y = Γ and there exists a well-behaved
funtor ψ : k(Γ)→ indΓ whih is the identity on objets. The arguments in the proof of [14, 5.1℄ show that this
is an isomorphism. So Γ is standard. 
Sine weakly shod algebras are laura, it makes sense to speak of weakly shod algebras with onneting
omponents. We have the following orollary.
Corollary 3.3. Let A be a (onneted) weakly shod algebra with onneting omponents, then A is standard.
Proof: By [7, 3.3℄, there exists a sequene of full onvex subategories
C = A0 ( A1 ( · · · ( Am = A
with C tilted and, for eah i > 0, the algebra Ai+1 is a maximal extension of Ai. The result follows from 3.2
and indution beause C is standard (see 5.7 below). 
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The preeding result motivates the following denition, inspired from [7, 2.3℄.
Denition 3.4. Let A be a laura algebra. We say that A admits a maximal ltration if there exists a sequene
C = A0 ( A1 ( · · · ( Am = A (f)
of full onvex subategories with C a produt of representation-nite algebras and, for eah i > 0, the algebra
Ai+1 is a maximal extension, or a maximal oextension, of Ai.
Corollary 3.5. Let A be a laura algebra admitting a maximal ltration (f):
(a) If C is a produt of standard representation-nite algebras, then A is standard.
(b) If the Auslander-Reiten quiver of every onneted omponent of C is simply onneted, then A is standard.
() If HH
1(A) = 0, then A is standard.
Proof: Statement (a) follows diretly from 3.2.
(b) This follows from 3.2 and the fat that if a representation-nite onneted algebra C has HH1(C) = 0, or
equivalently, if its Auslander-Reiten quiver is simply onneted, then C is standard [15, 4.2℄.
(c) We use indution on the length m of a maximal ltration. If m = 0, then A is representation-nite and
the result follows from [15, 4.2℄. Assume that m > 1 and that the statement holds for algebras admitting
maximal ltrations of length less than m. Without loss of generality, we may assume that A = Am−1[M ] is
a maximal extension. We laim that Ext
1
Am−1
(M,M) = 0. Indeed, if this is not the ase, then there exists
an indeomposable summand N of M suh that Ext1Am−1(M,N) 6= 0. Write M ≃ N ⊕ N
′
and let P be the
indeomposable projetive suh thatM = radP . Then N ′ is a submodule of P and L = P/N ′ is indeomposable.
By [24, III.2.2, (a)℄ we have idL > 2. But this ontradits the fat that L ∈ RA beause it is a suessor of the
maximal projetive P . So Ext1Am−1(M,M) = 0. Applying [23, 5.3℄, the exat sequene
HH
1(A)→ HH1(Am−1)→ Ext
1
Am−1
(M,M)
yields HH
1(Am−1) = 0. By the indution hypothesis, Am−1 is standard. By 3.2, so is A. 
Examples 3.6. (a) Let A be the radial-square zero algebra given by the quiver
1 2gg
ww
3

oo 4oo 5gg
ww
.
This is a laura algebra (see [3, 2.3℄). Here and in the sequel, we denote by Px, Ix and Sx the indeomposable
projetive, the indeomposable injetive, and the simple module orresponding to the vertex x, respetively.
Clearly P1 is maximal projetive and I5 is minimal injetive. Letting C be the full onvex subategory
with objets {2, 3, 4} we see that
C ( [S4 ⊕ S4]C ( A
is a maximal ltration. Sine C is standard, so is A. Its onneting omponent is drawn below:

9
99
9
9
99
9 I5
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AA
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>


9
99
9
9
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
BB
BB

@@
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BB
B 
=
==
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
BB
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
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@@    
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>>}}}
  A
AA
S3
==||||
!!B
BB
B 
@@
=
==
= S3
P2
@@    
I2
>>}}}
,
where the two opies of S3 are identied.
(b) Let B,C be produts of standard laura algebras, and A an artiulation of B,C (in the sense of [20℄). Then
A is laura with onneting omponents (see [20℄). Using [20, 3.9℄ it is easy to hek that A is standard.
The setion motivates the following questions.
Problem 1. Whih laura algebras admit maximal ltrations?
Problem 2. Assume that A is a laura algebra whih does not admit a maximal ltration. If HH1(A) = 0, do
we have that A is standard?
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4 Tilting modules of the rst kind with respet to overing funtors
For tilting theory, we refer to [11℄. Let B be a produt of tilted algebras and n be the rank of its Grothendiek
group. In [31, Cor. 4.5℄, it is proved that tilting modules are of the rst kind with respet to any Galois overing
of B. More preisely, let F : eB → B be a Galois overing with group G, where eB is loally bounded. Denote by
T the lass of omplexes T ∈ Db(modB) suh that:
1. T is multipliity-free and has n indeomposable summands.
2. Db(modB)(T, T [i]) = 0 for every i > 1 (so T is a silting omplex in the sense of [26℄).
3. T generates the triangulated ategory Db(modB).
Any multipliity-free tilting module lies in T . It was proved in [31, 4℄ that for any T ∈ T and for any
indeomposable summand X of T , there exists eX ∈ Db(mod eB) suh that:
1. Fλ eX ≃ X.
2.
g eX 6≃ h eX for g 6= h.
3. If Y ∈ Db(mod eB) is suh that FλY ≃ X, then Y ≃ g eX for some g ∈ G.
Given T ∈ T and an indeomposable summand X of T , we x eX ∈ Db(mod eB) arbitrarily suh that Fλ eX ≃ X.
For later referene, we reall some fats. The following result was proved in [31, Cor. 4.5, Prop. 4.6, Lem.
4.8℄.
Lemma 4.1. Let F : eB → B be a Galois overing with group G. Let T ∈ modB be a multipliity-free tilting
module. Let T = T1 ⊕ · · · ⊕ Tn be suh that T1, . . . , Tn are indeomposable. For every i, there exists eTi ∈ ind eB
suh that Fλ eTi = Ti. Moreover:
(a)
g eTi 6≃ h eTj for (g, i) 6= (h, j).
(b) pd
eTi 6 1 for every i.
() Ext
1
eB
( g eTi, h eTj) = 0 for every g, h ∈ G, i, j ∈ {1, . . . , n}.
(d) For every indeomposable projetive
eB-module P , there exists an exat sequene 0→ P → T (1) → T (2) → 0
with T (1), T (2) in add { g eTi | g ∈ G, i ∈ {1, . . . , n}}.

We need similar fats about overing funtors whih need not be Galois. Thus we prove the following result.
Proposition 4.2. Let F : eB → B be a Galois overing with group G, where eB is loally bounded. With the
above setting, let p : eB → B be a overing funtor suh that F (x) = p(x) for every x ∈ eBo. Let T ∈ T and X be
an indeomposable summand of T . Then:
(a) There exists an isomorphism pλ(
g eX) ∼−→ X, for every g ∈ G.
(b) If L ∈ Db(mod eB) is suh that pλL ≃ X, then L ≃ g eX for some g ∈ G.
() For every L ∈ Db(mod eB), the following maps indued by pλ and by the isomorphisms of (a) are linear
bijetions:
ϕX,L :
M
g∈G
Db(mod eB)( g eX,L) ∼−→ Db(modB)(X, pλL) ,
and ψX,L :
M
g∈G
Db(mod eB)(L, g eX) ∼−→ Db(modB)(pλL,X) .
In order to prove the proposition, we need the following lemma. In ase p is a Galois overing, the lemma
was proved in [31, Lems. 4.2, 4.3℄ (see also [29, Lems. 3.2, 3.3℄). For simpliity, we write Hom(X,Y ) for the
spae of morphisms in the derived ategory.
Lemma 4.3. Let T, T ′ ∈ T be suh that 4.2 holds true for T and for T ′. Consider a triangle in Db(modB):
X →
tM
i=1
X ′i → Y → X[1] , (∆)
where X ∈ addT and X ′1, . . . , X
′
t are indeomposable summands of T
′
. Assume that Hom(Y,X ′i[1]) = 0 for all
i (we do not assume that Y ∈ addT or Y ∈ addT ′). Then for every g ∈ G, there exist eY ∈ Db(mod eB) and
g1, . . . , gt ∈ G suh that the triangle ∆ is isomorphi to the image under pλ of a triangle in D
b(mod eB) as follows:
g eX → tM
i=1
gi eX ′i → eY → g eX[1] .
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Dually, onsider a triangle in Db(modB):
Y →
tM
i=1
X ′i → X → Y [1] , (∆
′
)
where X ∈ addT and X ′1, . . . , X
′
t are indeomposable summands of T
′
. Assume that Hom(X ′i , Y [1]) = 0 for all
i. Then for every g ∈ G, there exist eY ∈ Db(mod eB) and g1, . . . , gt ∈ G suh that the triangle ∆′ is isomorphi
to the image under pλ of a triangle in D
b(mod eB) as follows:
eY → tM
i=1
gi eX ′i → g eX → eY [1] .
Proof: The proofs of [31, Lems. 4.2, 4.3℄ use the following key property of a Galois overing F : eB → B with
group G. Given L,M ∈ Db(mod eB), we have linear bijetions indued by Fλ:M
g∈G
Hom( gL,M)
∼
−→ Hom(FλL,FλM) and
M
g∈G
Hom(L, gM)
∼
−→ Hom(FλL, FλM) .
Of ourse, these bijetions no longer exist for a overing funtor whih is not Galois. However, using our hy-
pothesis that 4.2 holds true for T and for T ′, it is easy to hek that the proofs of [31, Lems. 4.2, 4.3℄ still work
in the present ase. Whene the lemma. 
Proof of 4.2: We proeed in several steps.
Step 1: If T = B, then 4.2 holds true. The following fats follow from the denition of overing funtors
(see also [14, 3.2℄):
1. Y ∈ Db(mod eB) is a projetive module if and only if pλY is a projetive module.
2. pλ
“ eB(−, x)” ≃ Fλ “ eB(−, x)” ≃ B(−, F (x)) = B(−, p(x)) for every x ∈ eBo.
3.
g eB(−, x) = eB(−, gx) for every x ∈ eBo and every g ∈ G.
Therefore 4.2 holds true for T = B.
Given an objet X in a triangulated ategory, we write 〈X〉 for the smallest additive full subategory on-
taining X whih is stable under diret summands and shifts (in both diretions).
Step 2: If T, T ′ ∈ T are suh that T ′ ∈ 〈T 〉, then 4.2 holds true for T if and only if it does for T ′.
This follows diretly from the ompatibility of pλ with the shift.
For the next step, onsider the following situation. Assume that T, T ′ ∈ T are suh that:
1. T = M ⊕ T , where M is indeomposable.
2. T ′ =M ′ ⊕ T , where M ′ is indeomoposable.
3. There exists a non-split triangle ∆ : M
u
−→ E
v
−→ M ′ →M [1] where u is a left minimal addT -approximation
and v is a right minimal addT -approximation.
Step 3: If T, T ′ ∈ T are as above, then 4.2 holds true for T if and only if it does for T ′. We prove
that the ondition is neessary. Clearly, it sues to prove that the assertions (a), (b), and () of 4.2 are true
for M ′. For simpliity, we identify pλ(
g eX) and X via the isomorphism used to dene ϕX,− and ψX,− for every
indeomposable summand X of T and g ∈ G.
Let E =
tL
i=1
Ei with the Ei indeomposable. Reall from [31, Lem. 4.4℄ that ∆ is isomorphi to the image
under Fλ of a triangle e∆ in Db(mod eB):
fM eu−→ tM
i=1
gi eEi ev−→ g0fM ′ → fM [1] , (e∆)
for some g0, g1, . . . , gt ∈ G. Moreover, eu is a left minimal addX -approximation and ev is a right minimal addX ′-
approximation, where X and X ′ are the following full subategories of Db(mod eB):
- X = { g eX | g ∈ G, X an indeomposable summand of T and g eX 6≃ fM}.
- X ′ = { g eX | g ∈ G, X an indeomposable summand of T ′ and g eX 6≃ fM ′}.
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Fix g ∈ G. Sine 4.2 holds true for T , we apply 4.3 to onstrut a triangle e∆′ : gfM eu′−→ tL
i=1
g′i eEi ev′−→ Zg → gfM [1]
whose image under pλ is isomorphi to ∆. In partiular, pλ(Zg) ≃ M
′
. For simpliity, assume that ∆ is equal
to the image of
e∆ under pλ, and set eE′ = tL
i=1
g′i eEi. Let us prove that Zg ≃ gg0fM ′. It sues to prove that e∆′
and
g e∆ are isomorphi. For this purpose, we only need to prove that eu′ is a left minimal add gX -approximation.
Let f : gfM → g′ eY be non-zero, where Y is an indeomposable summand of T suh that g′ eY ∈ gX . Sine ϕ
M,fM
is bijetive and sine End(M) = k, we have Y ∈ addT . So we have a fatorisation of pλ(f) by u = pλ(eu′):
M
u //
pλ(f)   A
AA
AA
AA
A E
f ′

Y .
Sine ψY, eEi is bijetive for every i, we have f
′ =
P
h∈G
pλ(f
′
h), where (f
′
h)h ∈
L
h∈G
Hom( eE, h eY ). So pλ(f − f ′g′eu′)−P
h6=g′
pλ(f
′
heu′) = 0. Using 4.2, we get f = f ′g′eu′. Hene eu′ is a left add gX -approximation. On the other hand, eu′
is left minimal beause u = pλ(eu′) is left minimal and pλ is exat. As explained above, these fats imply that
Zg ≃
gg0fM ′. So pλ( gfM ′) ≃M ′, for every g ∈ G.
Let Y ∈ Db(mod eB). Using the triangles g e∆ (g ∈ G) and using that 4.2 holds true for T , the maps ϕM′,Y
and ψM′,Y are bijetive (reall that Hom-funtors are ohomologial).
Finally, if Y ∈ Db(mod eB), and if f : pλY → M ′ is an isomorphism, then f = P
g∈G
pλ(fg) with (fg)g ∈L
g∈G
Hom(Y, gfM ′). Sine pλY and M ′ are indeomposable, there exists g1 ∈ G suh that pλ(fg1) is an isomor-
phism. Sine pλ is exat, we dedue that fg1 : Y →
g1fM ′ is an isomorphism. This nishes the proof of the
assertion: 4.2 holds true for T ′ if it holds true for T . The onverse impliation is proved using similar arguments.
Step 4: If T ∈ T , then 4.2 holds true. This follows diretly from the three preeding steps, and from
[31, Prop. 3.7℄. 
Example 4.4. Let B = kQ be the path algebra of the Kroneker quiver 1
a //
b
// 2 . There is a Galois overing
F : eB → B with group Z/2Z = {1, σ}, where eB = k eQ is the path algebra of the following quiver:
2
1
a
>>~~~~~~~~
b   @
@@
@@
@@
@ σ1
σb
aaCCCCCCCC
σa
}}{{
{{
{{
{{
σ2
and where F is the funtor suh that F (σiα) = α for every arrow α and every i ∈ {0, 1}. On the other hand,
there is a overing funtor p : eB → B suh that p(b) = p(σb) = b, p(a) = a and p(σa) = a + b. The B-module
T = e2B ⊕ τ
−1
B (e1B) is tilting. One heks easily that Fλ(e2
eB) = e2B, Fλ(τ−1eB (e1 eB)) = τ−1B (e1B) and that
pλ(e2 eB) ≃ e2B, pλ(τ−1eB (e1 eB)) ≃ τ−1B (e1B).
5 Coverings of left setions
Let A be a basi nite dimensional k-algebra, Γ a omponent of Γ(modA), π : eΓ → Γ a Galois overing of
translation quivers with group G suh that there exists a well-behaved funtor p : k(eΓ) → indΓ. A left setion
(see [1, 2.1℄) in Γ is a full subquiver Σ suh that: Σ is ayli; it is onvex in Γ; and, for any x ∈ Γ, predeessor
in Γ of some y ∈ Σ, there exists a unique n > 0 suh that τ−nx ∈ Σ. Assume that Σ is a left setion in Γ and
let B = A/AnnΣ. In this setion, we onstrut a overing funtor F : eB → B assoiated to p and a funtor
ϕ : k(eΓ)→ mod eB. Both F and ϕ are essential in the proofs of Theorems A and B.
By [1, Thm. A℄, the algebra B is a full onvex subategory of A and a produt of tilted algebras and the
omponents of Σ form omplete slies in the onneting omponents of the onneted omponents of B. Reall
from [39℄ that a onneted algebra B′ is tilted if and only if its Auslander-Reiten quiver ontains a so-alled
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omplete slie Σ′, that is, a lass of indeomposable B′-modules suh that: (1) U =
L
X∈Σ′
X is sinere (that is,
HomB′(P,U) 6= 0 for any projetive B
′
-module P ); (2) Σ′ is onvex in indB′; (3) If 0 → L → M → N → 0 is
an almost split sequene, then at most one of L and N lies in Σ′. Moreover, if an indeomposable summand
of M lies in Σ′, then either L or N lies in Σ′. Here we may assume that Q is a nite quiver with no oriented
yle and that T ∈ mod kQ is a tilting module suh that B = EndkQ(T ). Any module X ∈ modB denes the
Σ-module HomB(Σ, X) whih, as a funtor, assigns the vetor spae HomB(E,X) to the objet E of Σ. By the
above properties of B, the map x 7→ HomkQ (T,D(kQex)) denes an isomorphism of k-ategories kQ
∼
−→ Σ. We
denote by Γ6Σ the full subquiver of Γ generated by all the predeessors of Σ in Γ.
The overing of the left setion Σ
Let
eΣ be the full subategory of k(eΓ) whose objets are the x ∈ k(eΓ) suh that p(x) ∈ Σ. Therefore
p : k(eΓ)→ indΓ indues a overing funtor p : eΣ→ Σ. Note that eΣ and eΓ
6 eΣ are stable under G, as subquivers ofeΓ. Sine Σ is hereditary, so is eΣ. Therefore we have eΣ = k eQ for some quiver eQ. In partiular, the isomorphism
kQ
∼
−→ Σ and the overing funtor p : eΣ→ Σ indue a overing funtor q : k eQ→ kQ.
The overing funtor of B
Sine π and p oinide on verties, π indues a Galois overing of quivers π : eQ→ Q with group G. We write
π : k eQ → kQ for the indued Galois overing with group G. Note that eQ is a disjoint union of opies of the
universal over of Q beause eΓ is simply onneted. Also, thanks to the Galois overing π : eQ → Q there is an
ation of G on mod k eQ. Let T = T1 ⊕ · · · ⊕ Tn be suh that T1, . . . , Tn are indeomposable and eB be the full
subategory of mod k eQ with objets the g eTi (with i ∈ {1, . . . , n}, g ∈ G, see 4.3).
Lemma 5.1. The k-ategory eB is loally bounded. The push-down funtor qλ : mod k eQ → mod kQ indues a
overing funtor:
F : eB → B
g eTi 7→ Ti = qλ( g eTi) .
Moreover, if p : k(eΓ)→ indΓ is a Galois overing with group π1(Γ), then so is F .
Proof: We apply the results of the preeding setion to the overing funtor q : k eQ → kQ and the Galois
overing π : k eQ→ kQ. The rst assertion follows from 4.1 and 4.2, and the seond from 4.2. The last assertion
was proved in [29, Lem. 2.2℄. 
We also have a Galois overing
eB → B indued by the push-down πλ : mod k eQ→ mod kQ (see [29, Lem. 2.2℄).
In partiular, the overing funtor F : eB → B and the Galois overing eB → B oinide on objets. Therefore we
may apply the results of the preeding setion to F .
In the sequel, we write
eT for the k eQ-module L{ g eTi | i ∈ {1, . . . , n}, g ∈ G}. Although eT is not neessarily
nite dimensional, it follows from 4.2 that it indues a well-dened funtor:
Homk eQ(
eT ,−) : mod k eQ→ mod eB .
More preisely, if X ∈ mod k eQ, then Homk eQ(eT ,X) is the eB-module dened by g eTi 7→ Homk eQ( g eTi, X). In
partiular, an objet x in eΣ = k eQ denes the injetive k eQ-module D(k eQ(x,−)) whih gives rise to the eB-module
Homk eQ(
eT ,D(k eQ(x,−))). Therefore every eB-module X denes a eΣ-module:
eΣop → mod k
x 7→ Hom eB(Homk eQ(
eT ,D(k eQ(x,−))),X) .
For reasons that will beome lear later, this module is denoted by Hom eB(
eΣ, X). In this way, we get a funtor
Hom eB(
eΣ,−) : mod eB → mod eΣ. We need the following result for later referene.
Lemma 5.2. The following diagram ommutes up to isomorphism of funtors:
mod k eQ Homk eQ( eT,−) //
qλ

mod
eB
Fλ

Hom eB
(eΣ,−)
//
mod
eΣ
pλ

mod kQ
HomkQ(T,−)
//
modB
HomB(Σ,−)
//
modΣ .
Moreover:
(a) The two top horizontal arrows are G-equivariant.
11
(b) If θ : mod kQ → modΣ (or eθ : mod k eQ → mod eΣ) denotes the omposition of the two bottom (or top)
horizontal arrows, then it indues an equivalene from the full subategory of injetive kQ-modules (or
injetive k eQ-modules) to the full subategory of projetive Σ-modules (or projetive eΣ-modules, respetively).
() Let eα : eI → eJ be a surjetive morphism between injetive k eQ-modules. Let α : I → J be equal to qλ(eα).
Then Fλ maps the onneting morphism Homk eQ(
eT , eJ) → Ext1
k eQ
(eT ,Ker eα) to the onneting morphism
HomkQ(T, J)→ Ext
1
kQ(T,Ker α).
Proof: The ommutativity of the diagram is an easy exerise on overing funtors, and left to the reader.
(a) This follows from a diret omputation.
(b) By tilting theory, θ indues an equivalene (see [11, Chap. VIII Thm. 3.5℄):
Φ: inj kQ → projΣ
I 7→ HomB(Σ,HomkQ(T, I)) .
Let I ∈ inj k eQ. Then pλeθ(I) = θqλ(I). Moreover, qλ maps indeomposable injetive k eQ-modules to indeom-
posable injetive kQ-modules, beause so does πλ : mod k eQ → mod kQ (see 4.2). So pλeθ(I) is indeomposable
projetive, and therefore so is
eθ(I) (see [14, 3.2℄). Consequently, eθ indues the following funtor:
Ψ: inj k eQ → proj eΣ
I 7→ Hom eB(
eΣ,Homk eQ( eT , I)) .
So we have a ommutative diagram:
inj k eQ Ψ //
qλ

proj
eΣ
pλ

inj kQ
Φ
∼ //
projΣ .
In this diagram, pλ, qλ and Φ are faithful. Hene, so is Ψ. Let I, J ∈ inj k eQ and f : Ψ(I) → Ψ(J). Let
h : qλI → qλJ be suh that Φ(h) = pλ(f). Using 4.2, we have h =
P
g∈G
qλ(hg), where (hg)g ∈
L
g∈G
Homk eQ(
eI, g eJ).
So pλ(f) =
P
g∈G
pλΨ(hg). Using 4.2 again, we dedue that f = Ψ(h1). So Ψ is full. Finally, we know from the
preeding setion that qλ : inj k eQ → inj kQ is dense. Also, so is pλ : proj eΣ → projΣ (see [14, 3.2℄, for instane).
Sine Φ is an equivalene, we dedue that Ψ is dense. Therefore Ψ is an equivalene.
() The push-down funtors qλ and Fλ are exat. So we have a ommutative diagram up to isomorphism of
funtors:
Db(mod k eQ)
qλ

RHom
k eQ
( eT,−)
// Db(mod eB)
Fλ

Db(mod kQ)
RHomkQ(T,−)
// Db(modB) .
The statement follows from this diagram. 
We wish to onstrut a funtor ϕ : k(eΓ)→ mod eB. We proeed in several steps:
1. Dene a funtor ϕ0 : k(eΓ6 eΣ)→ mod eB where k(eΓ6 eΣ) denotes the full subategory of k(eΓ) with objets the
verties in
eΓ
6 eΣ.
2. Dene ϕ on objets, so that it oinides with ϕ0 on predeessors of eΣ.
3. Dene ϕ on morphisms, so that it extends ϕ0.
The funtor ϕ0 : k(Γ˜6eΣ) → mod B˜
We rst prove the following lemma. In the ase of a Galois overing whose group ats freely on indeom-
posables, a orresponding result was proved in [21, 3.6℄. We know that p : eΣ → Σ and F : eB → B are overing
funtors, and that the latter oinides on objets with a Galois overing
eB → B with group G. Finally, if
X ∈ indB is a summand of a tilting B-module, then eX ∈ ind eB is suh that pλ( eX) ≃ X (see 4.2).
Lemma 5.3. Let X ∈ Γ6Σ and g0 ∈ G. If eu : eE → g0 eX is right minimal almost split, then so is pλeu : pλ eE → X.
Consequently, pλτ eB(
g0 eX) ≃ τBX if X is not projetive.
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Proof: Notie that X is an indeomposable summand of some tilting B-module. So we may apply the results
of 4.2. If X is projetive, the assertion follows from [14, 3.2℄. So we assume that X, and therefore g0 eX, are
not projetive. Let u : E → X be right minimal almost split and E = E1 ⊕ · · · ⊕ Et be suh that E1, . . . , Et
are indeomposable. Sine Γ6Σ is ayli (see [1, 2.2℄), we have Ext
1
B(E, τBX) = 0. Also, the linear mapL
g∈G
Hom eB(
g eEi, g0 eX) → HomB(Ei, X) is bijetive, for every i (see 4.2). Therefore we apply 4.3 to the exat
sequene 0→ τBX → E
u
−→ X → 0: There exist g1, . . . , gt ∈ G and morphisms eui : gi eEi → g0 eX (i ∈ {1, . . . , t})
tting into a ommutative diagram whose vertial arrow on the left is an isomorphism:
E
pλ[eu1,...,eut] //
∼

X
E u
// X .
We identify u and pλ[eu1, . . . , eut] via this diagram. Let i ∈ {1, . . . , n}. Then eui : gi eEi → g0 eX is not a retration
beause
gi eEi and g0 eX are non-isomorphi indeomposable modules. So eui fators through eu, for every i. Applying
pλ to eah fatorisation shows that u fators through pλ(eu). On the other hand, pλeu is not a retration beause
X is not a diret summand of E. So pλ(eu) fators through u. The right minimality of u implies that the
morphism u is a diret summand of pλ(eu). Finally, the following equality follows from 2.4:
dimKeru = dim τBX = dim τBpλ
g0 eX = dim pλτ eB g0 eX = dimKerpλ(eu) .
So pλ(eu) and u are isomorphi, and pλ(eu) is right minimal almost split. 
Using the preeding lemma, we onstrut a funtor ϕ0 : k(eΓ6 eΣ)→ ind eB.
Lemma 5.4. There exists a full and faithful funtor, G-equivariant on verties, ϕ0 : k(eΓ6 eΣ) → ind eB. This
funtor maps arrows in
eΓ
6 eΣ to irreduible maps, and meshes to almost split sequenes. Moreover, it om-
mutes with the translations and extends the anonial funtor
eΣ → ind eB dened on the objets by x 7→
Homk eQ(
eT ,D(k eQ(x,−)). Finally, the following diagram is ommutative up to isomorphism of funtors:
k(eΓ
6 eΣ)
ϕ0 //
p

ind
eB   // mod eB
Fλ

ind (Γ6Σ)

 //
indB

 //
modB.
Proof: Step 1: Clearly there is a funtor ϕ0 : eΣ → mod eB given by ex 7→ Homk eQ( eT ,D(k eQ(ex,−))). Note
that
eΣ (or Σ) is naturally equivalent to the full subategory of mod k eQ (or mod kQ, respetively) onsisting of
the indeomposable injetive modules. Therefore 5.2 shows that this funtor is full and faithful, and that the
following diagram ommutes up to isomorphism:
eΣ ϕ0 //
p

ind
eB   // mod eB
Fλ

Σ

 //
indB

 //
modB.
Note that ϕ0(M) is indeomposable for every M beause so is Fλϕ0(M) = p(M). The funtor ϕ0 : eΣ→ ind eB is
G-equivariant on verties: Indeed, for every g ∈ G, and every ex ∈ eQ0, we have:
ϕ0(gex) = Homk eQ( eT ,D(k eQ(gex,−))) = Homk eQ( eT , gD(k eQ(ex,−))) = gHomk eQ( eT ,D(k eQ(ex,−))) = gϕ0(ex) .
Step 2: If M ∈ k(eΓ
6 eΣ), there exists a unique n ∈ N suh that τ
−nM ∈ eΣ. Let ϕ0(M) be the eB-module:
ϕ0(M) = τ
n
eB
ϕ0(τ
−nM) .
It follows from 5.3 that Fλϕ0(M) = p(M). Also ϕ0(
gM) = gϕ0(M) for every g ∈ G and for every vertex M
beause τ ommutes with the ation of G.
Step 3: In order to dene ϕ0 on morphisms, we onstrut indutively a sequene of G-invariant left setionseΣi of eΓ suh that eΣ0 = eΣ, suh that eΣi+1\eΣi onsists of the G-orbit of a vertex, and suh that, if iS
t=1
eΣt denotes
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the full subategory of the path ategory keΓ whose verties are given by those of eΣ0, . . . , eΣi, then keΓ6 eΣ = S
i>0
eΣi.
Eah indutive step denes a funtor ϕ0 :
iS
t=1
eΣt → ind eB whih maps arrows to irreduible maps and extends
the onstrution of the two preeding steps. This funtor makes the following diagram ommute:
iS
t=1
eΣt

ϕ0 //
ind
eB   // mod eB
Fλ

ind (Γ6Σ)

 //
indB

 //
modB,
where the vertial arrow on the left is indued by p. Assume that ϕ0 :
iS
t=1
eΣt → ind eB has been dened for
some i > 0. Sine eΣi is ayli, it has a sink. Assume that all sinks are projetive. First assume that P is a
projetive sink, and let
eΣi+1 be equal to eΣi\{ gP | g ∈ G}; then eΣi+1 is a left setion of Γ, and there is a unique
ϕ0 :
i+1S
t=0
eΣt → ind eB satisfying the required onditions. Now assume that there is a non projetive sink M in eΣi.
Then there exists a mesh in
eΓ:
N1 u1
((PP
PPP
P
τM
v1 66mmmmmm
vs ((QQ
QQQ
Q
.
.
.
M ,
Ns
us
66nnnnnn
and M,N1, . . . , Ns ∈ eΣi beause M ∈ eΣi is a sink. In partiular, ϕ0(uj) is dened, and Fλ ϕ0(uj) = p(uj)|B for
every i. For simpliity, we write ϕ0(u) =
ˆ
ϕ0(u1) . . . ϕ0(us)
˜
and p(u) =
ˆ
p(u1) . . . p(us)
˜
. Then ϕ0(u) is
right minimal almost split in mod
eB: Indeed, there exists a right minimal almost split morphism L w−→ ϕ0(M).
Sine ϕ0(u) :
L
j
ϕ0(Nj) → ϕ0(M) is not a retration (beause eah ϕ0(uj) is an irreduible morphism, by
the indution hypothesis), there exists a morphism w′ :
L
j
ϕ0(Nj) → L suh that ϕ0(u) = ww
′
; applying Fλ,
we have Fλϕ0(u) = Fλ(w)Fλ(w
′); but now Fλϕ0(u) = p(u)|B is right minimal almost split by onstrution,
and so is Fλ(w) (see 5.3); hene, Fλ(w
′) is an isomorphism and therefore so is w′ beause Fλ is exat. We
let
ˆ
ϕ0(v1) . . . ϕ0(vs)
˜t
: ϕ0(τM) →
sL
j=1
ϕ0(Nj) be the kernel of ϕ0(u). For simpliity, we set ϕ0(v) =ˆ
ϕ0(v1) . . . ϕ0(vs)
˜t
and p(v) =
ˆ
p(v1) . . . p(vs)
˜t
. We let
eΣi+1 = “eΣi\{ gM | g ∈ G}”S{ gτM | g ∈ G}.
Clearly,
eΣi+1 is a left setion. We now show that we may assume ϕ0(v) to be taken suh that Fλϕ0(v) = p(u)|B.
Indeed, the ommutative diagram with exat rows:
0 // Fλϕ0(τM)
Fλϕ0(v) // Fλϕ0
 
sL
j=1
Nj
!
Fλϕ0(u) // Fλϕ0(M) // 0
0 // p(τM)|B
p(v)|B
// p
 
sL
j=1
Nj
!
|B
p(u)|B
// p(M)|B // 0
gives an isomorphism Fλϕ0(τM) → p(τM)|B making the left square ommute. Sine Fλϕ0(τM) = p(τM)|B is
a brik (beause it belongs to Γ6Σ), this isomorphism is the multipliation by a non-zero onstant c. Hene,
p(v)|B = c Fλϕ0(v). Replaing ϕ0(v) by c ϕ0(v) does the trik. Thus, we have dened ϕ0 :
i+1S
t=1
eΣt → ind eB.
Clearly, the required onditions are satised. This indution gives a funtor ϕ0 : keΓ6 eΣ → ind eB mapping arrows
to irreduible maps and meshes to almost split sequenes, and suh that the following diagram ommutes:
keΓ
6 eΣ

ϕ0 //
ind
eB   // mod eB
Fλ

indΓ6Σ

 //
indB

 //
modB,
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where the vertial arrow on the left is indued by p. Sine Fλ is faithful, ϕ0 indues a funtor ϕ0 : k(eΓ6 eΣ)→ ind eB.
It is now lear that this funtor satises the onditions of the lemma. 
It was shown in [1, 3.2℄ that the existene of a left setion Σ in an Auslander-Reiten omponent Γ implies
that Γ6Σ is generalised standard. We now prove that it is standard.
Corollary 5.5. Let A be a nite dimensional k-algebra and Γ be a omponent of Γ(modA) having a left setion
Σ. Then Γ6Σ is standard.
Proof: Let B = A/AnnΣ. Then B is a produt of tilted algebras and the omponents of Σ form omplete
slies of the onneting omponents of the onneted omponents of B. Let Γ′ be the union of the omponents
of Γ(modB) interseting Σ. The arguments of the proof of 5.4 show that there exists a full and faithful funtor
k(Γ′6Σ)→ indΓ
′
6Σ extending the identity on verties. So Γ6Σ = Γ
′
6Σ is standard. 
Example 5.6. Let A be the algebra given by the quiver
4
µ

1
δ

2
γ
oo
βoo
3
αoo
λ
99ssssss
5
ν
eeKKKKKK
and the potential W = δβα + νµλ (or, equivalently, by the relations βα = 0, δβ = 0, αδ = 0, µλ = 0, νµ = 0
and λν = 0). Then A is a luster-tilted algebra sine it is the relation-extension (in the sense of [2℄) of the tilted
algebra of type
eA given by the quiver
4
µ

1 2
γ
oo
βoo
3
αoo
λ
99ssssss
5
bound by βα = 0 and µλ = 0. The transjetive omponent Γ of Γ(modA) is of the form
a
:
::
: b
;
;;
; c
;
;;
; d
<
<<
<
e
?
??
? f
<
<<
<
g
<
<<
< h
<
<<
< i
;
;;
; j
:
::
:

;
;;
;
BB

<
<<
<
AA

=
==
=
AA
r
@@
k
@
@@
@
??

=
==
=
AA

>
>>
>
@@

<
<<
<
AA

=
==
=
AA


=
==
=
@@

=
==
=
@@
q
@@
l
=
==
=
@@

>
>>
>
@@

>
>>
>
@@

=
==
=
@@

<
<<
<
AA

<
<<
<
AA

>
>>
>
@@
p
>
>>
>
@@
m
>>~~~~
  A
AA
A 
>
>>
>
@@

?
??
?
??    

=
==
=
@@

>
>>
>
@@


<
<<
<
@@    

<
<<
<
@@    
o
<
<<
< n
@
@@
@
>>}}}}

=
==
=
??    

=
==
=
??

=
==
=
??

<
<<
<
@@

;
;;
;
@@
a
@@
b
@@
c
@@
d
??
e
@@
f
@@
g
AA
h
@@
i
where verties with the same label are identied. Then Γ admits a left setion Σ = {e, r, q, p, o, c} and B =
A/AnnΣ is the algebra given by the quiver:
4
1 2
γ
oo
βoo
3
αoo
λ
99ssssss
5
ν
eeKKKKKK
with the inherited relations. As we have seen, Γ6Σ is standard (and generalised standard) while Γ itself is not.
The following orollary seems to be well-known. However we have been unable to nd a referene.
Corollary 5.7. Let B be a tilted algebra and Γ a onneting omponent of B. Then Γ is standard.
Proof: If B is onealed, this follows from [38, 2.4 (11) p. 80℄. Assume that B is not onealed. So Γ is the
unique onneting omponent of B. Let Σ be a omplete slie in Γ. As observed in 5.5, we have a full and
faithful funtor k(Γ6Σ)→ indΓ extending the identity on verties. A dual onstrution extends this funtor to
a full and faithful funtor k(Γ)→ indΓ extending the identity on verties. So Γ is standard. 
From now on, we identify
eΣ to a full subategory of mod eB by means of ϕ0.
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Constrution of ϕ on objets
We prove that for any M ∈ eΓ, there exists ϕ(M) ∈ mod eB whose image under Fλ : mod eB → modB oinides
with p(M)|B, in suh a way that ϕ(
gM) = gϕ(M), for every g ∈ G. We dene LΣ to be the full subategory of
indB whih onsists of the predeessors of the omplete slie Σ. Also a minimal addLΣ-presentation of a module
R is a sequene of morphisms E1 → E2 → R where the morphism on the right is a minimal addLΣ-approximation
and the one on the left is a minimal addLΣ-approximation of its kernel. Before onstruting ϕ(M), we prove
some lemmata.
Lemma 5.8. Let R ∈ modB be a module with no diret summand in LΣ. There exists an exat sequene in
modB, whih is a minimal addLΣ-presentation:
0→ E1 → E2 → R→ 0 (⋆)
with E1, E2 ∈ addΣ. Moreover, the funtor HomkQ(T,−) indues a bijetion between the lass of all suh exat
sequenes, and the lass of minimal injetive opresentations:
0→ TorB1 (R, T )→ I1 → I2 → 0 .
Finally, there is an isomorphism in modB:
R ≃ Ext1kQ(T,Tor
B
1 (R, T )) .
Proof: Let X (T ) be the torsion lass indued by T in modB. So R lies in X (T ) and has no diret summand in
Σ. Therefore R is the epimorphi image of a module in addΣ. The rst assertion then follows from [9, 2.2, (d)℄.
Let f : I1 → I2 be the morphism between injetive kQ-modules suh that HomkQ(T, f) is equal to the
morphism E1 → E2 in (⋆). Beause of the Brenner-Butler Theorem (see [11, Chap. VI, Thm. 3.8, p.207℄), the
funtor −⊗
B
T applied to (⋆) yields an injetive opresentation in mod kQ:
0→ TorB1 (R, T )→ I1 → I2 → 0 .
The minimality of this opresentation follows from the minimality of E2 → R. With these arguments, it is
straightforward to hek that there is a well-dened bijetion whih arries the equivalene lass of the exat
sequene 0→ E1 → E2 → R→ 0 to the equivalene lass of the exat sequene 0→ Tor
B
1 (R,T )→ I1 → I2 → 0.
The last assertion follows from the Brenner-Butler Theorem and the fat that R ∈ X (T ). 
Lemma 5.9. addLΣ is ontravariantly nite in modA. Therefore if X ∈ Γ\LΣ, then X|B lies in the torsion
lass indued by T in modB.
Proof: By [1, Thm. B℄, the algebra B is the endomorphism algebra of the indeomposable projetive A-modules
in LΣ. In partiular, a projetive B-module is projetive as an A-module so the projetive dimensions in modA
and in modB oinide on LΣ. Also, by [1, Thm. B℄, all modules in LΣ have projetive dimension at most
one as B-modules. Therefore LΣ ⊆ LA. Moreover,
L
Σ is sinere as a B-module. Hene, [1, 8.2℄ implies that
addLΣ is ontravariantly nite in modA. Let X ∈ Γ\LΣ. Let P ։ X|B be a projetive over in modB. As no-
tied above, we have P ∈ addLΣ. Therefore P ։ X|B fators through addΣ. Thus, X|B lies in the torsion lass.
Lemma 5.10. There exists a map ϕ : eΓo → mod eB extending ϕ0, and suh that Fλ(ϕ(M)) = p(M)|B, for every
M ∈ eΓ. Moreover, ϕ( gM) = gϕ(M) for every g ∈ G and M ∈ eΓ.
Proof: Note that ϕ is already dened on eΓ
6 eΣ beause of 5.4. Let M ∈
eΓ\eΓ
6 eΣ. Then p(M) ∈ Γ\Γ6Σ = Γ\LΣ.
By 5.9, the module p(M)|B lies in the torsion lass indued by T in modB. So there is a deomposition in
modB:
p(M)|B = R ⊕ E ,
where E ∈ addΣ and R has no indeomposable summand in LΣ. Also, x a deomposition in mod eΣ:
k(eΓ)(eΣ,M) = eR⊕ eP ,
where
eP is projetive and maximal for this property. Let eE ∈ add eΣ be suh that eP = k(eΓ)(eΣ, eE).
We laim that pλ : mod eΣ→ modΣmaps eR and eP to HomB(Σ, R) and HomB(Σ, E) respetively. Indeed, sine
p : k(eΓ) → indΓ is a overing funtor induing p : eΣ → Σ, the image of k(eΓ)(eΣ,M) under pλ : mod eΣ → modΣ
is HomA(Σ, p(M)) ∼= HomB(Σ, p(M)|B) (funtorially in M). Moreover, the deomposition p(M)|B = R ⊕ E
in modB gives a deomposition HomB(Σ, p(M)) = HomB(Σ, R)⊕ HomB(Σ, E) in modΣ where HomB(Σ, E) is
projetive and HomB(Σ, R) has no non-zero projetive diret summand. The laim then follows from [14, 3.2℄.
In order to prove that R is the image of a eB-module under Fλ, we onsider a minimal projetive presentation
in mod
eΣ:
0→ eP1 → eP2 → eR→ 0 .
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Then there exists a morphism
ef : eI1 → eI2 between injetive k eQ-modules suh that the morphism eP1 → eP2 equalseθ( ef) (here eθ is as in 5.2). Let f : I1 → I2 be the image of ef under qλ : mod k eQ → mod kQ. Hene, the image
of Ker
ef under qλ : mod k eQ → mod kQ is Kerf . Let P1 → P2 be the image of eθ( ef) under pλ : mod eΣ → modΣ.
Therefore the ommutativity of the diagram in 5.2 and the fat that Hom1(Σ, R) is the image of eR under
pλ : mod eΣ→ modΣ gives a minimal projetive presentation in modΣ:
0→ P1 → P2 → HomB(Σ, R)→ 0 .
On the other hand, 5.2 shows that P1 → P2 is equal to the following morphism in modΣ:
HomB(Σ,HomkQ(T, I1))
HomB(Σ,HomkQ(T,f))
−−−−−−−−−−−−−−→ HomB(Σ,HomkQ(T, I2)) .
Therefore we have a minimal addLΣ-presentation:
HomkQ(T, I1)
HomkQ(T,f)
−−−−−−−−→ HomkQ(T, I2)→ R .
Beause of 5.8, the sequene 0 → HomkQ(T, I1) → HomkQ(T, I2) → R→ 0 is exat and Kerf = Tor
B
1 (R, T ). In
other words, qλ : mod k eQ → mod kQ maps Ker ef to TorB1 (R, T ). Using 5.8 and the last diagram in the proof of
5.2, we get Fλ(Ext
1
k eQ
( eT ,Ker ef)) = R.
We give an expliit onstrution of ϕ. Let M ∈ k(eΓ). We x a minimal projetive presentation in mod eΣ:
0→ eP1 eu−→ eP2 → eR→ 0 ,
and injetive k eQ-modules eI1 and eI2, together with a morphism ef : eI1 → eI2 suh that eu = eθ( ef). Then we let
ϕ(M) be the following eB-module:
ϕ(M) = ϕ0( eE)⊕ Ext1k eQ(eT ,Ker ef) ,
where ϕ0( eE) = ϕ0( eE1)⊕ · · · ⊕ ϕ0( eEs) if eE = eE1 ⊕ · · · ⊕ eEs with eE1, . . . , eEs ∈ eΣ. This nishes the onstrution
of the map ϕ : eΓo → mod eB. We now prove the G-equivariane property. Let M ∈ k(eΓ) be a vertex and let
g ∈ G. We keep the above notation eR, eE, etc. introdued for M , and we adopt the dashed notation eR′, eE′, etc.
for the orresponding objets assoiated to
gM . We have k(eΓ)(eΣ, gM) = gk(eΓ)(eΣ,M). Indeed, the eΣ-modules
k(eΓ)(eΣ, gM) and gk(eΓ)(eΣ,M) are given by the funtors X 7→ k(eΓ)(X, gM) and X 7→ k(eΓ)( g−1X,M) from eΣop
to mod k, respetively. These two funtors oinide beause G ats on k(eΓ). Hene, eE′ = g eE and eR′ = g eR.
Therefore any minimal projetive presentation of
eR′ in mod eΣ is obtained from a minimal projetive presenta-
tion of
eR by applying g. Sine, moreover, eθ is G-equivariant (see 5.2), we dedue that ef ′ = g ef . Finally, the
G-ation on mod k eQ implies, as above, that Ext1
k eQ
( eT ,Ker g ef) = Ext1
k eQ
( eT , gKer ef) = gExt1
k eQ
(eT ,Ker ef). From the
onstrution of ϕ, we get ϕ( gM) = gϕ(M). 
Constrution of ϕ on morphisms
We omplete the onstrution of ϕ by proving the following lemma.
Lemma 5.11. Let u : M → N be a morphism in k(eΓ). Then there exists a unique morphism ϕ(u) : ϕ(M) →
ϕ(N) in mod eB, suh that Fλ(ϕ(u)) = p(u)|B.
Proof: Sine Fλ is exat, it is faithful so the morphism ϕ(u) is unique. We prove its existene. By 5.4, we
have onstruted ϕ(u) = ϕ0(u) in ase N ∈ eΓ6 eΣ. So we may assume that N ∈ eΓ\eΓ6 eΣ. Sine any path ineΓ from a vertex in eΓ
6 eΣ to N has a vertex in
eΣ, we may also assume that M ∈ “eΓ\eΓ
6 eΣ
”S eΣ. The funtor
ϕ0 : k(eΓ6 eΣ)→ mod eB naturally extends to a unique funtor ϕ0 : add (k(eΓ6 eΣ))→ mod eB, suh that the following
diagram ommutes:
add (k(eΓ
6 eΣ))
ϕ0 //
add p

mod
eB
Fλ

add (indΓ6Σ)

 //
modB .
We x deompositions in mod
eΣ as in the proof of 5.10:
k(eΓ)(eΣ,M) = eP ⊕ eR, and k(eΓ)(eΣ, N) = eP ′ ⊕ eR′ ,
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where
eP , eP ′ are projetive and eR, eR′ have no non-zero projetive diret summand. We let eE, eE′ ∈ add eΣ be suh
that
eP = k(eΓ)(eΣ, eE) and eP ′ = k(eΓ)(eΣ, eE′), respetively. Therefore the morphism k(eΓ)(eΣ, u) an be written as:
k(eΓ)(eΣ, u) = »eu1 0eu2 eu3
–
: k(eΓ)(eΣ, eE)⊕ eR→ k(eΓ)(eΣ, eE′)⊕ eR′ .
Similarly, we x deompositions in modB:
p(M)|B = E ⊕R, p(N)|B = E
′ ⊕R′ ,
where E,E′ ∈ addΣ, and R,R′ have no diret summand in Σ. As above, the morphism p(u)|B deomposes as:
p(u)|B =
»
u1 0
u2 u3
–
: E ⊕R→ E′ ⊕R′ .
Reall from the proof of 5.10 that pλ : mod eΣ→ modΣ maps k(eΓ)(eΣ, eE), eR, k(eΓ)(eΣ, eE′) and eR′ to HomB(Σ, E),
HomB(Σ, R), HomB(Σ, E
′) and HomB(Σ, R
′), respetively. As a onsequene, it maps eui to HomB(Σ, ui), for
every i. As in the proof of 5.10, we have morphisms ef : eI1 → eI2 and ef ′ : eI ′1 → eI ′2 between injetive k eQ-modules
and minimal projetive presentations in mod
eΣ:
eθ(eI1) eθ( ef)−−−→ eθ(eI2)→ eR→ 0 and eθ(eI ′1) eθ( ef ′)−−−→ eθ(eI ′2) ev−→ eR′ → 0 .
With these notations, we have:
ϕ(M) = ϕ0( eE)⊕ Ext1k eQ( eT ,Ker ef) and ϕ(N) = ϕ0( eE′)⊕ Ext1k eQ(eT ,Ker ef ′) .
Also, if M ∈ eΣ, then ef = 0, so ϕ(M) = ϕ0( eE).
It sues to prove that eah of u1, u2, u3 is the image under Fλ of some morphism ϕ0( eE)→ ϕ0( eE′), ϕ0( eE)→
Ext
1
k eQ
( eT ,Ker ef ′) and Ext1
k eQ
( eT ,Ker ef) → Ext1
k eQ
(eT ,Ker ef ′), respetively. Clearly, u1 : k(eΓ)(eΣ, eE) → k(eΓ)(eΣ, eE′) is
indued by a morphism
eE → eE′ in add eΣ. This and 5.4 imply that u1 is the image under Fλ of a morphism
ϕ0( eE) → ϕ0( eE′). We now prove that u2 is the image under Fλ of a morphism ϕ0( eE) → Ext1k eQ(eT ,Ker ef ′). Let
f ′ : I ′1 → I
′
2 be the image of
ef ′ : eI ′1 → eI ′2 under qλ : mod k eQ→ mod kQ. Therefore we have a minimal projetive
presentation in modΣ (see 5.2 and the proof of 5.10):
0→ θ(I ′1)
θ(f ′)
−−−→ θ(I ′2)→ HomB(Σ, R
′)→ 0 ,
together with a minimal injetive opresentation in mod kQ:
0→ TorB1 (R
′, T )→ I ′1
f ′
−→ I ′2 → 0 .
Reall that Tor
B
1 (R
′, T ) is equal to the image of Ker ef ′ under qλ : mod k eQ→ mod kQ. Therefore we have an exat
sequene in modB, whih is also a minimal addLΣ-presentation:
0→ HomkQ(T, I
′
1)→ HomkQ(T, I
′
2)
v
−→ R′ → 0 ,
where v is suh that HomB(Σ, v) is the image of ev : eθ(eI ′2) → eR′ under pλ : mod eΣ → modΣ (see the diagram in
5.2). The projetive over ev of eR′ in mod eΣ yields a morphism eδ : eI → eI ′2 in mod k eQ, where eI is the injetive
k eQ-module suh that eP = eθ(eI), and suh that the following diagram of mod eΣ ommutes:
eP
eθ(eδ)
}}||
||
||
||
eu2
eθ(eI ′2)
ev
// eR′ .
Therefore if δ : I → I ′2 denotes the image of eδ : eI → eI ′2 under qλ : mod k eQ → mod kQ, then HomB(Σ, u2) equals
the omposition θ(I)
θ(δ)
−−→ θ(I ′2)
HomB(Σ,v)−−−−−−−→ HomB(Σ, R
′). This is an equality of morphisms in modΣ, hene,
of morphisms between ontravariant funtors from addΣ to mod k. Applying this equality to E yields that u2
equals the omposition E
HomkQ(T,δ)
−−−−−−−−→ HomkQ(T, I
′
2)
v
−→ R′. On the other hand, the morphism HomkQ(T, I
′
2)
v
−→
R′ = Ext1kQ(T,Kerf
′) is the onneting morphism of the sequene resulting from the appliation of HomkQ(T,−)
to the exat sequene 0 → Kerf ′ → I ′1
f ′
−→ I ′2 → 0. Therefore 5.2 implies that v equals the image under
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Fλ of the onneting morphism of the sequene resulting from the appliation of Homk eQ(
eT ,−) to the ex-
at sequene 0 → Ker ef ′ → eI ′1 → eI ′2 → 0. Consequently, u2 equals the image under Fλ of the omposition
ϕ0( eE) Homk eQ( eT,δ)−−−−−−−−→ ϕ0(HomkQ( eT , eI ′2))→ Ext1k eQ( eT ,Ker ef ′).
It remains to prove that u3 : R→ R
′
equals the image under Fλ of a morphism Ext
1
k eQ
( eT ,Ker ef)→ Ext1
k eQ
( eT ,Ker ef ′)
in mod
eB. Using the projetive presentations of eR and eR′, we nd morphisms eα : eI2 → eI ′2 and eβ : eI1 → eI ′1 suh
that the following diagram ommutes:
0 // eθ(eI1) eθ( ef) //
eθ(eβ)

eθ(eI2) //
eθ(eα)

eR //
eu3

0
0 // eθ(eI ′1)
eθ( ef ′)
// eθ(eI ′2) // eR′ // 0 .
Therefore there exists a morphism eγ : Ker ef → Ker ef ′ making the following diagram in mod k eQ ommute:
0 //
Ker
ef //
eγ

eI1 ef //
eβ

eI2
eα

// 0
0 //
Ker
ef ′ // eI ′1 ef ′ // eI ′2 // 0 .
We laim that the image of Ext
1
k eQ
( eT , eγ) : Ext1
k eQ
( eT ,Ker ef) → Ext1
k eQ
( eT ,Ker ef ′) under Fλ equals u3. Indeed, let
α, β, γ be the respetive images of eα, eβ, eγ under qλ : mod k eQ → mod kQ. Then the image of Ext1k eQ( eT ,eγ) under
Fλ is equal to (see 5.2):
Ext
1
kQ(T, γ) : Ext
1
kQ(T,Kerf)→ Ext
1
kQ(T,Kerf
′) .
On the other hand, we have two ommutative diagrams in mod kQ and mod eB respetively:
0 // Kerf = TorB1 (R, T ) //
γ

I1 //
β

I2 //
α

0
0 // Kerf ′ = TorB1 (R
′, T ) // I ′1 // I ′2 // 0 , and
0 // HomkQ(T, I1) //
HomkQ(T,β)

HomkQ(T, I2) //
HomkQ(T,α)

R //
u3

0
0 // HomkQ(T, I ′1) // HomkQ(T, I
′
2) // R′ // 0 ,
from whih it is straightforward to hek that u3 : R→ R
′
oinides with Ext
1
kQ(T, γ). Thus, u3 is equal to the
image under Fλ of the morphism Ext
1
k eQ
( eT , eγ) : Ext1
k eQ
( eT ,Ker ef)→ Ext1
k eQ
(eT ,Ker ef ′). This ompletes the proof. 
We summarise our results in the following theorem.
Theorem 5.12. Let A be a nite dimensional k-algebra and Γ be a omponent of Γ(modA) ontaining a left
setion Σ. Let B = A/AnnΣ and π : eΓ → Γ be a Galois overing with group G of translation quivers suh that
there exists a well-behaved funtor p : k(eΓ) → indΓ. Then there exists a overing F : eB → B with eB loally
bounded and a funtor ϕ : k(eΓ) → mod eB whih is G-equivariant on verties and makes the following diagram
ommute:
k(eΓ) ϕ //
p

mod
eB
Fλ

indΓ
HomA(B,−)
//
modB .
Proof: The funtor ϕ is onstruted as above. The G-equivariane on verties follows from 5.10 and 5.11. 
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Corollary 5.13. If p : k(eΓ) → indΓ is a Galois overing (with respet to the ation of G on k(eΓ)), then the
funtor ϕ : k(eΓ)→ mod eB of 5.12 is G-equivariant.
Proof: We already know that ϕ is G-equivariant on objets. Also F : eB → B is a Galois overing with
group G (see 5.1). Let f : M → N be a morphism in k(eΓ), and g ∈ G. Then ϕ( gf) : ϕ( gM) → ϕ( gN) and
gϕ(f) : gϕ(M) → gϕ(N) are two morphisms in mod eB suh that Fλ(ϕ( gf)) = p( gf)|B = p(f)|B = Fλ( gϕ(f))
(reall that Fλ = Fλ ◦ g for every g ∈ G beause it is the push-down funtor of a Galois overing with group G).
We dedue that ϕ( gf) = gϕ(f). 
6 The main theorem
In this setion we prove Theorem A. Assume that A is laura with onneting omponents. We use the
following notation:
- Γ is the onneting omponent of Γ(modA) (if A is onealed we hoose Γ to be the unique postprojetive
omponent), and π : eΓ→ Γ is a Galois overing with group G of translation quivers suh that there exists a
well-behaved overing funtor p : k(eΓ)→ indΓ. If Γ is standard, we assume that p equals the omposition
of k(π) : k(eΓ)→ k(Γ) with some isomorphism k(Γ) ∼−→ indΓ, so that p is a Galois overing with group G.
- Σ is the full subategory of indΓ whose objets are the Ext-injetive objets in LA.
- B is the left support of A, that is, B is the endomorphism algebra of the diret sum of the indeomposable
projetive modules lying on LA (see Setion 1).
Beause of [6, 4.4, 5.1℄, the algebra B is a produt of tilted algebras. Without loss of generality, we assume that:
- B = EndkQ(T ), where T = T1 ⊕ · · · ⊕ Tn is a multipliity-free tilting kQ-module (Ti ∈ indkQ).
- Σ is the full subategory of modB with objets the modules of the form HomkQ (T,D(kQex)), x ∈ Q0.
It follows from [1, 2.1 Ex. b℄ that Σ is a left setion of Γ. So we may apply 5.12. The proof of Theorem A
is done in the following steps: We rst onstrut a loally bounded k-ategory eA endowed with a free G-ation
in ase A is standard; then we onstrut a overing funtor F : eA→ A extending the funtor F : eB → B of 5.12
and satisfying the onditions of the theorem; we also onstrut a funtor Φ: k(eΓ) → mod eA whih extends the
funtor ϕ : k(eΓ)→ mod eB of 5.12; and nally we prove Theorem A.
The ategory A˜
We need some notation. Let C be the full subategory of indA with objets the indeomposable projetive
A-modules not in LA. So C is a full subategory of indΓ. Let eC be the full subategory p−1(C), so that p
indues a overing funtor
eC → C. If A is standard and p is Galois with group G, then p : eC → C is a Galois
overing with group G. For every x ∈ eBo, let ePx be the orresponding indeomposable projetive eB-module.
Also, Px ∈ modB denotes the indeomposable projetive B-module assoiated to an objet x ∈ Bo. We dene
the
eC − eB-bimodule fM to be the funtor eC × eBop → mod k suh that for every eP ∈ eCo and x ∈ eBo
eP
fMx = Hom eB( ePx, ϕ( eP )) ,
with obvious ations of
eC (using ϕ) and eB. The following lemma denes eA and its G-ation in ase A is standard.
Lemma 6.1. Let
eA = " eB 0fM eC
#
. Then
eA is loally bounded and G ats freely on eA if A is standard.
Proof: We know that
eB and eC are loally bounded. Let P ∈ eCo. We have the bijetion of 4.2:M
ex∈ eBo
Hom eB(
ePex, ϕ( eP )) ∼−→ M
x∈Bo
HomB(Px, p( eP )|B) . (i)
Sine the right-hand side is nite dimensional, then so is
L
ex∈ eBo
eP
fMex, for every eP ∈ eCo.
Now let P ∈ eCo, let ex ∈ eBo, and let us prove that L
p(P ′)=p(P )
Hom eB(
ePex, ϕ(P ′)) is nite dimensional. By
denition of p, we have p−1(p(P )) = { gP | g ∈ G}. Also, we know from 5.12 that ϕ is G-equivariant on objets.
Therefore: M
p(P ′)=p(P )
Hom eB(
ePex, ϕ(P ′)) =M
g∈G
Hom eB(
ePex, gϕ(P )) =M
g∈G
Hom eB(
g−1 ePex, ϕ(P )) (ii)
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where the last equality follows from the G-ation on mod eB. Applying 4.2 to ePex yields a bijetion of vetor
spaes: M
g∈G
Hom eB(
g−1 ePex, ϕ(P )) ≃ HomB(PF (ex), Fλϕ(P )) . (iii)
From (ii) and (iii) we infer that
L
p(P ′)=p(P )
Hom eB(
ePex, ϕ(P ′)) is nite dimensional for every ex ∈ eBo and P ∈ eCo.
This shows that
eA is loally bounded.
Assume now that A is standard and that p : k(eΓ) → indΓ is a Galois overing with group G. We dene a
free G-ation on eA. We already have a free G-ation on eB and on eC. Also, for every ex ∈ eBo, eP ∈ eCo and g ∈ G,
we have an isomorphism of vetor spaes:
eP
fMex = Hom eB( ePex, ϕ(P )) ∼−→ g ePfMgex = Hom eB( g ePex, ϕ( g eP )) (⋆)
given by the G-ation on mod eB (reall that ϕ is G-equivariant on objets, and that ePgex = g ePex). We dene
the ation of g on morphisms of eA lying in fM using this isomorphism. Sine G ats on mod eB, this denes a
G-ation on eA, that is, g(vu) = g(v)g(u) whenever u and v are omposable in eA. Moreover, G ats freely on
objets in
eB and in eC. So we have a free G-ation on eA. 
The funtor F : A˜ → A
Lemma 6.2. There exists a overing funtor F : eA→ A extending F : eB → B. If moreover A is standard, then
F an be taken to be Galois with group G.
Proof: Note that A =
»
B 0
M C
–
where M is the C − B-bimodule suh that PMx = HomB(Px, P|B) for every
P ∈ Co and x ∈ Bo. Let us dene F : eA→ A as follows:
- F| eB oinides with the funtor F :
eB → B.
- F| eC oinides with p :
eC → C.
- Let x ∈ eBo and eP ∈ eCo, then F : ePfMx → F ( eP )MF (x) is the following map indued by Fλ:
Hom eB(
ePx, ϕ( eP ))→ HomB(PF (x), p( eP )|B) .
Sine Fλ : mod eB → modB is a funtor and Fλϕ = p(−)|B (see 5.12), we have dened a funtor F : eA→ A. We
prove that F : eA→ A is a overing funtor. Sine F : eB → B and p : eC → C are overing funtors, the bijetions
(i), (ii) and (iii) in the proof of 6.1 show that for any ea ∈ eBo and any eP ∈ eCo, the two following maps indued
by Fλ are isomorphisms: M
F (ex)=F (ea)
Hom eB(
ePex, ϕ( eP ))→ HomB(PF (ea), p( eP )|B) ,
M
p( eQ)=p( eP )
Hom eB(
ePea, ϕ( eQ))→ HomB(PF (ea), p( eP )|B) .
So F is a overing funtor. Assume now that A is standard. We may suppose that p is a Galois overing with
group G. By 6.1, there is a free G-ation on eA. Moreover, F : eB → B, and therefore Fλ : mod eB → modB, are
G-equivariant, and so is p : eC → C, beause it restrits the Galois overing p : k(eΓ)→ indΓ. Therefore F : eA→ A
is G-equivariant. Finally, the bres of F : eA → A on objets are the G-orbits in eAo beause F : eB → B and
p : eC → C are Galois overings. Sine F : eA → A is a overing funtor, this implies that it is also a Galois
overing with group G (see for instane the proof of [28, Prop. 6.1.37℄). 
The funtor Φ: k(Γ˜) → mod A˜
We an write an
eA-module as a triple (K,L, f) where K ∈ mod eB, L ∈ mod eC and f : L ⊗
eC
fM → K is a
morphism of
eB-modules. Let ψ : k(eΓ)→ mod eC be the funtor ψ : X 7→ k(eΓ)( eC,X). Clearly, it is G-equivariant.
Let L ∈ k(eΓ). Then ψ(L)⊗
eC
fM is the eB-module whose value at x ∈ eBo equals:
„
ψ(L)⊗
eC
fM« (x) =
0@M
eP∈ eCo
k(eΓ)( eP ,L)⊗
k
Hom eB
“ ePx, ϕ( eP )”
1A /N ,
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where N is the following subspae:
N =
D
ff ′ ⊗ u − f ⊗ ϕ(f ′)u
˛˛˛
f ∈ k(eΓ)( eP,L), f ′ ∈ k(eΓ)( eP ′, eP ), u ∈ Hom eB “ ePx, ϕ( eP ′)” , for every eP , eP ′ ∈ eCo E .
For every x ∈ eBo and eP ∈ eCo, we have a k-linear map:
ηL,x,P : k(eΓ)( eP ,L)⊗
k
Hom eB
“ ePx, ϕ( eP )” → Hom eB “ ePx, ϕ(L)” = ϕ(L)(x)
f ⊗ u 7→ ϕ(f)u .
It is not diult to hek that the family of maps
“
ηL,x, eP
”
L,x, eP
denes a funtorial morphism:
η : ψ(−)⊗
eC
fM → ϕ .
Moreover, if ϕ is G-equivariant, then so is η. We let Φ: k(eΓ)→ mod eA be the following funtor:
Φ: L 7−→ (ϕ(L), ψ(L), ηL) .
The main theorem
Theorem 6.3. Let A be laura with onneting omponent Γ. Let π : eΓ → Γ be a Galois overing with group
G suh that there exists a well-behaved overing funtor p : k(eΓ) → indΓ. Then there exist a overing funtor
F : eA→ A where eA is onneted and loally bounded, and a ommutative diagram:
k(eΓ) Φ //
p

mod
eA
Fλ

indΓ

 //
modA ,
where Φ is faithful. If, moreover, A is standard, then F and p may be assumed to be Galois overings with group
G, and Φ is then G-equivariant and full.
Proof: The ommutativity of the above diagram follows from the one of 5.12 and from that of the diagram:
k(eΓ) ψ //
p

mod
eC
pλ

indΓ
X 7→HomA(C,X)
//
modC ,
Sine FλΦ = p and p is faithful, then Φ is faithful. Therefore Φ(k(eΓ)) is ontained in a onneted omponent Ω
of mod
eA.
We now prove that
eA is onneted. Let x ∈ eAo and Qx be the orresponding indeomposable projetiveeA-module. If eFλQx ∈ Co, then, by onstrution, Qx lies in the image of Φ, so that Qx ∈ Ω. If FλQx 6∈ Co,
then F (x) ∈ Bo and x ∈ eBo. In this ase, there is a non-zero morphism u : PF (x) = eFλQx → E in modB, where
E ∈ Σ. Fix eE ∈ p−1(E) so that FλΦ( eE) = E. Sine u is non-zero, 4.2 implies that there is a non-zero morphism
Qx →
gϕ( eE) = Φ( g eE) in mod eB (reall that ϕ is G-equivariant on verties). So Qx ∈ Ω, and Ω ontains all the
indeomposable projetive
eA-modules. This proves that eA is onneted.
It remains to prove that if A is standard, then Φ is full, G-equivariant, and F is Galois with group G. In
ase A is standard, we suppose that p : k(eΓ) → indΓ is Galois with group G. Therefore ϕ is G-equivariant (see
5.13) and so is η. Hene, Φ is G-equivariant. Also, F is Galois beause of 6.2. We prove that Φ is full. Given a
morphism f : Φ(L) → Φ(N), there exists (fg)g ∈
L
g∈G
Homk(Γ)(L,
gN) suh that Fλ(f) =
P
g
p(fg) (beause p is
Galois). So Fλ(f −Φ(f1))−
P
g 6=1 Fλ(Φ(fg)) = 0. Sine F is Galois with group G and sine Φ is G-equivariant,
we get f = Φ(f1). So Φ is full and the theorem is proved. 
The following example of a non-standard representation-nite algebra due to Riedtmann shows that F needs
not be a Galois overing.
Example 6.4. Assume that har(k) = 2 and A is given by the bound quiver (see [14, 7, Ex. 14 bis℄ and [37℄):
x oo
σ
δ
// y ρdd , ρ
4 = 0, ρ2 = δσ, σδ = σρδ .
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Then A is representation-nite and not standard, with the following Auslander-Reiten quiver:
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where the two opies of a, b, c, d, e and f , respetively, are identied. In this ase, there exists a well-behaved
overing funtor assoiated to the universal over
eΓ of Γ(modA) (whih is equal to the generi overing). Here,
G = π1(Γ) ≃ Z and eA is the loally bounded k-ategory, given by the following bound quiver:
. . . yi−1 //
""E
EE
EE
EE
E
yi //
""D
DD
DD
DD
D
yi+1 //
##G
GG
GG
GG
GG
yi+2 . . .
. . . xi−1
<<zzzzzzzz
xi
<<zzzzzzzz
xi+1
;;wwwwwwwww
xi+2 . . .
δi+1σi = ρi+1ρi, σi+1δi = 0 , for all i,
where σi, δi and ρi denote the arrows yi → xi+1, xi → yi+1, and yi → yi+1, respetively. Now the overing
funtor F : eA→ A is as follows:
1. F (ρi) = ρ for every i,
2. F (σi) = σ for every i ≡ 0, 1 mod 4,
3. F (σi) = σ + σρ for every i ≡ 2, 3 mod 4,
4. F (δi) = δ for every i ≡ 1, 3 mod 4,
5. F (δi) = δ + ρδ, for every i ≡ 0, 2 mod 4.
Obviously, F is a overing funtor whih is not Galois. Atually, one an easily hek that A is simply onneted,
that is, the fundamental group (in the sense of [33℄) of any presentation of A is trivial. Hene, A has no proper
Galois overing by a loally bounded and onneted k-ategory.
The following orollary is a partiular ase of our main theorem. We state it for later purposes.
Corollary 6.5. Let A be a standard laura algebra and let Γ be a onneting omponent. There exists a Galois
overing F : eA→ A with group π1(Γ) and where eA is onneted and loally bounded, together with a ommutative
diagram:
k(eΓ) Φ //
k(pi)

mod
eA
Fλ

k(Γ)

 //
modA ,
where π : eΓ→ Γ is the universal over and where Φ is full, faithful and π1(Γ)-equivariant. 
Proof: Sine Γ is a standard omponent, there exists an isomorphism of ategories k(Γ) → indΓ and the uni-
versal over π : eΓ→ Γ indues a well-behaved funtor k(π) : k(eΓ)→ k(Γ) and therefore a well-behaved overing
funtor k(eΓ)→ indΓ. We then apply 6.3. 
We pose the following problems.
Problem 3. Does there exist a ombinatorial haraterisation of standardness for laura algebras (as happens
for representation-nite algebras, see [13℄)?
Problem 4. Let A be a left supported algebra. Is it possible to onstrut overings eA → A assoiated to the
overings of a omponent of Γ(modA) ontaining the Ext-injetive modules of LA?
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7 Galois overings of the onneting omponent
Theorem 7.1. Let A be a standard laura algebra, and p : Γ′ → Γ be a Galois overing with group G of a
onneting omponent. Then there exist a Galois overing F ′ : A′ → A with group G, where A′ is onneted and
loally bounded, and a ommutative diagram:
k(Γ′)
Φ′ //
k(p)

modA′
F ′λ

k(Γ)

 j //
modA ,
where Φ′ is full, faithful and G-equivariant.
Proof: Sine A is standard, there exists a full and faithful funtor j : k(Γ) →֒ indA with image indΓ, whih maps
meshes to almost split sequenes. Let π : eΓ → Γ be the universal over. Then there exists a normal subgroup
H ⊳ π1(Γ) suh that eΓ/H ≃ Γ′ and G ≃ π1(Γ)/H , and suh that under these identiations, the following
diagram ommutes: eΓ
q
##G
GG
GG
GG
GG
pi

eΓ/H = Γ′
p
{{vv
vv
vv
vv
v
Γ ,
where q is the projetion. These identiations imply that p : Γ′ → Γ is indued by π : eΓ → Γ by fatoring out
by H . By 6.5, there exist a Galois overing F : eA→ A with group π1(Γ) and a ommutative diagram:
k(eΓ) Φ //
k(pi)

mod
eA
Fλ

k(Γ)

 j //
modA ,
where Φ is full, faithful and π1(Γ)-equivariant. Setting A
′ = eA/H , we dedue a Galois overing F ′ : A′ → A
with group G and where A′ is onneted and loally bounded, making the following diagram ommute:
eA
F ′′
##H
HH
HH
HH
HH
F

eA/H = A′
F ′
zzvv
vv
vv
vv
v
A ,
where F ′′ is the natural projetion (and F ′ is dedued from F by fatoring out by H). Therefore we have a
ommutative diagram of solid arrows:
k(eΓ) Φ //
k(pi)

k(q)
""E
EE
EE
EE
E mod
eA
Fλ

F ′′λ
$$H
HH
HH
HH
HH
H
k(Γ′)
k(p)||xx
xx
xx
xx
Φ′ //
modA′
F ′λzzuuu
uu
uu
uu
u
k(Γ)

 j //
modA .
We prove the existene of the dotted arrow Φ′ suh that Φ′ k(q) = F ′′λ Φ. For this purpose, reall that
k(q) is a Galois overing with group H . Hene, it sues to prove that F ′′λ Φ is H-invariant. Indeed, we have
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F ′′λΦ
′h = F ′′λ hΦ
′ = F ′′λΦ
′
, for every h ∈ H , beause Φ is π1(Γ)-equivariant and F
′′
is a Galois overing with
group H . Now, we prove that the whole diagram ommutes. We have:
(F ′λ Φ
′) k(q) = F ′λF
′′
λ Φ = Fλ Φ = j k(π) = j k(p) k(q) ,
hene, F ′λ Φ
′ = j k(p). We prove next that Φ′ is full and faithful. Let f : X → Y be a morphism in k(Γ′) suh
that Φ′(f) = 0. Fix eX, eY ∈ k(eΓ) suh that q( eX) = X and q(eY ) = Y . Sine k(q) is Galois with group H , there
exists (fh)h∈H ∈
L
h∈H
k(eΓ)( eX, h eY ) suh that P
h∈H
k(q)(fh) = f . The ommutativity of the diagram gives:
0 =
X
h∈H
F ′′λ (Φ(fh)) ,
where (Φ(fh))h∈H ∈
L
h∈H
Hom eA(Φ(
eX), hΦ(eY )) (reall that Φ is π1(Γ)-equivariant). Sine F ′′ : eA→ A′ is Galois
with group H , we dedue that Φ(fh) = 0 for every h ∈ H , so that fh = 0 for every h ∈ H , beause Φ
is faithful. Thus, f =
P
h∈H
k(q)(fh) = 0 and Φ
′
is faithful. Let X,Y ∈ k(Γ′) and u : Φ′(X) → Φ′(Y ) be a
morphism in modA′, and x eX, eY ∈ k(eΓ) as above. In partiular, Φ′(X) = F ′′λ (Φ( eX)) and Φ′(Y ) = F ′′λ (Φ(eY )).
Therefore there exists (euh)h∈H ∈ L
h∈H
Hom eA(Φ(
eX), hΦ(eY )) suh that u = P
h∈H
F ′′λ (euh). Sine Φ is π1(Γ)-
equivariant, we have Hom eA(Φ(
eX), hΦ(eY )) = Hom eA(Φ( eX),Φ( h eY )), for every h ∈ H . Sine Φ is full, there exists
( efh)h∈H ∈ L
h∈H
k(eΓ)( eX, h eY ) suh that euh = Φ( efh) for every h ∈ H . Sine k(q) is Galois with group H , we
dedue that
P
h∈H
k(q)( efh) ∈ k(Γ)(X,Y ). Moreover, we have:
Φ′
 X
h∈H
k(q)( efh)! = X
h∈H
F ′′λΦ( efh) = X
h∈H
F ′′λ euh = u ,
whene the fullness of Φ′. To nish, it remains to prove that Φ′ is G-equivariant. Let g ∈ G be the residual lass
of σ ∈ π1(Γ) modulo H . We need to prove that Φ
′ ◦ g = g ◦ Φ′. We have Φ′ ◦ g ◦ k(q) = Φ′ ◦ k(q) ◦ σ, beause
q : eΓ→ Γ′ = eΓ/H is the anonial projetion. Hene, Φ′ ◦ g ◦ k(q) = F ′′λ ◦ σ ◦Φ, beause F ′′λ ◦Φ = Φ′ ◦ k(q), and
Φ is π1(Γ)-equivariant. Sine F
′′
λ ◦ σ = g ◦ F
′′
λ (beause F
′′
is dedued from F by fatoring out by H), we have
Φ′ ◦ g ◦ k(q) = g ◦ F ′′λ ◦ Φ = g ◦ Φ
′ ◦ k(q), and so Φ′ ◦ g = g ◦ Φ′. The proof is omplete. 
Corollary 7.2. In the situation of Theorem 7.1, the full subquiver Ω of Γ(modA′) with vertex set equal to
{X ∈ indA′ | F ′λX ∈ Γ} is a faithful and generalised standard omponent of Γ(modA
′), isomorphi, as a
translation quiver, to Γ′. Moreover, there exists a Galois overing of translation quivers Γ′ → Γ with group G
extending the map X 7→ F ′λX.
Proof: Sine F ′λΦ
′ = j k(p), the module Φ′(X) is indeomposable and lies in Ω, for every X ∈ Γ′. On the other
hand if X ∈ Ω, there exists X ′ ∈ Γ′ suh that F ′λX = k(p)(X
′). Therefore F ′λX = F
′
λΦ
′(X ′). Sine X and
Φ′(X ′) are indeomposable, there exists g ∈ G suh that X = gΦ′(X ′) = Φ′( gX ′) ∈ Φ′(Γ′). Thus, we have
shown that:
(i) Ω oinides with the full subquiver of Γ(modA′) with set of verties {Φ′(X) | X ∈ Γ′}.
Let X
u
−→ Y be an arrow in Γ′. Sine F ′λΦ
′ = j k(p), then F ′λ Φ
′(u) is an irreduible morphism between
indeomposable A-modules. Using [30, Lem. 2.1℄, we dedue that Φ′(u) is irreduible. This proves that:
(ii) The full subquiver of Γ(modA′) with set of verties {Φ′(X) |X ∈ Γ′} is ontained in a onneted omponent
of Γ(modA′).
Combining (i), (ii) and [30, Lem. 2.3℄, we dedue that Ω is a omponent of Γ(modA′). The same lemma shows
that Ω is faithful and generalised standard beause so is Γ.
Let us prove that Φ′ indues an isomorphism between Γ′ and Ω. Sine q : eΓ → Γ′ is surjetive on verties
and F ′′λ Φ = Φ
′ k(q), then X ∈ Ω lies in the image of F ′′λ . Also, k(q) and Φ ommute with the translation, and
so does F ′′λ (see [30, Lem. 2.1℄). Hene Φ
′
ommutes with the translation. Finally k(q) maps meshes to meshes,
and Φ maps meshes to almost split sequenes. So Φ′ maps meshes to almost split sequenes (see [30, Lem. 2.2℄).
Therefore there exists a morphism of translation quivers Γ′ → Ω extending the map X 7→ Φ′(X) on verties.
Sine it is a bijetion on verties, it is an isomorphism Γ′
∼
−→ Ω.
Finally, the stabiliser GX = {g ∈ G |
gX ≃ X} of X is trivial for every X ∈ Ω, beause G ats freely on
Γ′ and Φ′ is G-equivariant. Therefore there exists a Galois overing of translation quivers Ω→ Γ with group G
and extending the map X 7→ F ′λ(X) (see [21, 3.6℄). 
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Corollary 7.3. In the situation of Theorem 7.1, if G is nite, then A′ is a nite dimensional standard laura
algebra.
Proof: Sine G is nite, A′ is nite dimensional. By the preeding orollary, Γ′ is generalised standard and
faithful. Sine Γ has only nitely many isomorphism lasses of indeomposable modules lying on oriented yles,
the same is true for Γ′. Therefore Γ′ is quasi-direted and faithful. Applying [35, 3.1℄ (or [43, Thm. 2℄) shows that
A′ is a laura algebra with Γ′ as a onneting omponent. Finally, the full and faithful funtor Φ′ : k(Γ′)→ modA′
with image equal to indΓ′ shows that Γ′ is standard, that is, A′ is standard. 
Remark 7.4. The above orollary may be ompared with [8, Thm. 1.2℄ and [30, Thm. 3℄. Indeed, if A′ is a nite
dimensional algebra endowed with the free ation of a (neessarily nite) group G, then the ategory A/G and
the skew-group algebra A[G] are Morita equivalent.
We end this setion with the following orollary:
Corollary 7.5. In the situation of Theorem 7.1, if G is nite, then:
(a) A is tame if and only if A′ is tame.
(b) A is wild if and only if A′ is wild.
Proof: This follows from Theorem 7.1 and from [3, 5.3, (b)℄. 
Example 7.6. Consider the algebra A of 3.6, (a). The onneting omponent Γ admits a Galois overing with
group Z/2Z by the following translation quiver:

;
;;
;

;
; 
=
==
=

=

;
;;
;
;
;

;
;;
;
;
;

AA
AA


AA
AA



=
==
= 
;
;;
; 
;
;;
; 
;
;;
; 
@@
@@


AA
AA



AA
;
;;
; 
AA
;
;;
; 
AA
;
;;
; 
=
==
=
@@
x
@@
=
==
= 
AA
;
;;
; 
AA
;
;;
; 
AA
;
;;
; x

AA

AA

AA

@@
where the two opies of x are identied. With our onstrution, we get a Galois overing F : A′ → A with group
Z/2Z, where A′ is the radial square zero algebra with the following quiver:
1 2
vv
hh 3oo

4oo 5
vv
hh
1′ 2′
vv
ii 3′oo
VV
4′oo 5′
vv
ii .
Both A and A′ are tame.
8 Proof of Theorem B
We reall the denition of the orbit graph O(Γ) (see [14, 4.2℄). Given a vertex x ∈ Γ, its τ -orbit xτ is the
set {y ∈ Γ | y = τ lx, for some l ∈ Z}. Also, we x a polarisation σ in Γ. The periodi omponents of Γ are
dened as follows. Consider the full translation subquiver of Γ with verties the periodi verties in Γ. To this
subquiver, add a new arrow x→ τx for every vertex x. A periodi omponent of Γ is a onneted omponent of
the resulting quiver. Then:
1. The verties of O(Γ) are the periodi omponents of Γ and the τ -orbits of the non-periodi verties.
2. For eah periodi omponent, there is a loop attahed to the assoiated vertex in O(Γ).
3. Let uσ be the σ-orbit of an arrow u : x→ y. If both x and y are non-periodi, then there is an edge between
xτ and yτ . If x (or y) is non-periodi and y (or x) is periodi, then there is an edge between xτ (or yτ ) and
the vertex assoiated to the periodi omponent ontaining y (or x, respetively). Otherwise, no arrow is
assoiated to uσ .
By [14, 4.2℄, the fundamental group of the orbit graph O(Γ) is isomorphi to π1(Γ).
Throughout this setion, we assume that A is standard laura, having Γ as a onneting omponent. We use
the following lemmata:
Lemma 8.1. If O(Γ) is a tree, then A is weakly shod.
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Proof: If O(Γ) is a tree, then Γ is simply onneted (see [14, 4.1 and 4.2℄). In partiular, Γ has no oriented
yle. Hene, A is laura and its non semiregular omponent (there is at most one) has no oriented yles. So A
is weakly shod ([17, 2.5℄). 
Lemma 8.2. Let A be a produt of laura algebras with onneting omponents. If the orbit graph of any
onneting omponent is a tree, then A is a produt of simply onneted algebras and HH1(A) = 0.
Proof: This follows from the preeding lemma and from [30, Cor. 2℄. 
We now prove Theorem B whose statement we reall for onveniene.
Theorem B. Let A be a standard laura algebra, and Γ its onneting omponent(s). The following are equivalent:
(a) A has no proper Galois overing, that is, A is simply onneted.
(b) HH
1(A) = 0.
() Γ is simply onneted.
(d) The orbit graph O(Γ) is a tree.
Moreover, if these onditions are veried, then A is weakly shod.
Proof: By [14, 4.1, 4.2℄ and the above lemma, () and (d) are equivalent and imply (a) and (b). If A is simply
onneted, then 6.5 implies π1(Γ) = 1. So (a) implies (). Finally, assume that HH
1(A) = 0. By 6.5, the algebra
A admits a Galois overing with group π1(Γ). This group is free beause of [14, 4.2℄. On the other hand, the
rank of π1(Γ) is less than or equal to dimHH
1(A) beause of [19, Cor. 3℄. Therefore π1(Γ) = 1. So (b) implies
(). Thus the onditions are equivalent, and imply that A is weakly shod by 8.1. 
We illustrate Theorem B on the following examples. In partiular, note that this theorem does not neessarily
hold true if one drops standardness.
Example 8.3. (a) Let A be as in 3.6, (a). Then A learly admits a Galois overing with group a free group of
rank 3 by a loally bounded k-ategory. It is given by the universal over of the underlying graph of the
ordinary quiver. So A is not simply onneted. The orbit graph O(Γ) of the onneting omponent Γ is as
follows:
 ::::
     .


Then π1(Γ) is free of rank 3. A straightforward omputation gives dimHH
1(A) = 7 (see also [16, Thm. 1℄).
(b) Let A be as in 6.4. As already notied, A is a simply onneted representation-nite algebra. Also, it is
not standard. The orbit graph of its Auslander-Reiten quiver is as follows:
   .
Finally, A admits the following outer derivation, yielding a non-zero element in HH1(A) (see [15, 4.2℄)
d : A → A
σ, δ 7→ 0
ρ 7→ ρ3 .
This example shows that Theorem B may fail if one drops standardness. Note that the denition of simple
onnetedness we use diers slightly from that used in[15, 4.3℄: In [15℄, as in [14, 6℄, a representation-nite
algebra is alled simply onneted if its Auslander-Reiten quiver is simply onneted.
() Let A be given by the quiver:

ε
  



ζ
  


 
α
oo
βoo

δ
oo 
µ
^^<<<<<
λ  



νoo

γ
^^<<<<<

η
^^<<<<<
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bound by βε = 0, αγ = 0, βδ = αδ, δζ = 0, δη = 0, ζµ = ηλ, ζµν = 0 Then A is laura. Atually, it is right
glued [5, 4.2℄. The orbit graph O(Γ) of its onneting omponent Γ is as follows:

;;
;;
 
  

;;
;;


;;
;;


  .
It is a tree. Also, A is simply onneted, and it is not hard to see that HH1(A) = 0 using, for instane,
Happel's long exat sequene (see [23, 5.3℄).
We end with the following problem.
Problem 5. Let A be a non-standard laura algebra. How an the vanishing of HH1(A) be expressed in terms
of topologial properties of A?
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